Realizations of Differential Operators 
on Conic Manifolds with Boundary 
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Abstract. We study the closed extensions (realizations) of differential operators subject to 
homogeneous boundary conditions on weighted Lp-Sobolev spaces over a manifold with boundary 
and conical singularities. Under natural ellipticity conditions we determine the domains of the 
minimal and the maximal extension. We show that both arc Fredholm operators and give a 
formula for the relative index. 
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1. Introduction 

Operator semigroups are one of the most efficient tools for the analysis of parabolic differential 
equations. In fact, these problems can often be reformulated as abstract eyolution equations of the 
form ii + Au — /, w(0) — uq, where A is a closed unbounded operator in a Banach space induced 
by the original partial differential equation. Also semihomogeneous boundary yalue problems can 
be treated in this way, namely by incorporating the boundary condition into the choice of the 
domain: Given a boundary condition T, one studies the operator A on a domain contained in the 
kernel of T. In general, one can think of the operator A to be defined initially on a small space of 
functions in E. In order to apply the machinery of evolution equations, as a first step one has to 
determine those closed extensions oi A in E which reflect the original problem. 
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In the case of a closed manifold, there are at least two distinguished choices: The minimal extension 
is the closure of the operator A acting on all smooth functions, and the maximal extension has as 
domain all those elements of E which are mapped into E by A. 

For a manifold with boundary, the latter extension is no longer relevant, since it does not involve 
any boundary condition. Instead one considers the closed extensions - in this case also called 
realizations ~ with respect to a given boundary condition T, i.e. one only considers domains D for 
which Tu = whenever u G V. Oi course, boundary conditions can only be imposed if one has a 
certain a priori regularity. As the minimal (respectively maximal) extension we therefore choose 
the closure of the operator acting on all smooth (respectively all sufficiently regular) functions 
which vanish under the boundary condition. 

A classical example is the heat equation in a bounded open set Q with smooth boundary and 
Dirichlet boundary condition: In order to solve the problem in Lp{Q), for example, one studies 
A = —A, initially defined on all smooth functions on Q vanishing at the boundary. Then the 
closure can be shown to coincide with the maximal extension, given by the action of —A on the 
domain {u G H'^{^1) : = 0}. Hence there is only one closed realization for the Dirichlet 

boundary condition, namely the one just described. 

For Fuchs type differential operators on manifolds with conical singularities, the situation is less 
simple. The boundaryless case (for p = 2) has been analyzed by Lesch 1121 . He showed that, under 
a natural ellipticity assumption (corresponding to D-ellipticity in this paper) both the minimal 
and the maximal extension are Fredholm operators and the quotient I'max/I^inin of their domains 
is finite-dimensional; its dimension can be computed from symbol data (more precisely from the 
meromorphic structure of the conormal symbol) of A. Gil and Mendoza [3], Proposition 3.6, ob- 
tained an improved description of "D^nin, while the structure of the maximal domain was studied 
in Schrohe and Seller |20| . Theorem 2.8. 

In the present paper, we extend this work to elliptic boundary value problems on manifolds with 
boundary and conical singularities. While our final results - given in detail in a)-d) at the end of 
this section - look similar to those in |12j . |3| and |2Uj . the analysis becomes much more difficult. 
This starts with simple facts: The domains in general are not invariant under multiplication by cut- 
off functions, since the boundary condition then need not remain fulfilled. This limits localization 
techniques. Fortunately, there are suitable projections to handle these problems. Also the adjoint 
of an elliptic boundary value problem is harder to analyze than that of a differential operator, 
a fact which complicates the theory already in the case of smooth manifolds. We adapt here a 
construction of Grubb Section 1.6, to the conic situation. Moreover, a basic reduction in the 
analysis of the boundaryless situation consists in switching to an operator whose coefficients are 
constant near the cone singularity (frozen at the tip of the cone). In the case of boundary value 
problems, one has to freeze both the operator and the boundary condition, and the corresponding 
changes of the domain are more difficult to handle. Finally, there is the fact that instead of the 
pseudodifferential techniques used before for the construction of parametrices we now have to 
employ Boutet de Monvel's calculus. Indeed, our main tool here will be an Lp-version of the cone 
calculus for boundary value problems developed by Schrohe and Schulze jl7| . jl8| . which we review 
in Section 2. 

This paper lays the foundations for the study of the resolvents of elliptic boundary value problems 
on manifolds with conical singularities and questions of maximal regularity or solvability of certain 
nonlinear equations in the spirit of j20| . [2). 

Let us now explain the contents of the present paper in more detail. The intuitive picture of the 
underlying manifold is given in Figure 1. Technically, we denote by intD an n-dimensional rie- 
mannian manifold with boundary having finitely many cylindrical ends, i.e. there exists a compact 
set C such that intD \ C is the disjoint union Ui U . . . U Un, where each Ui is isometric to the 
product ]0, 1[ X ATi for a smooth riemannian manifold Xi with boundary; the Xi need not be con- 
nected. We fix the coordinate in ]0, 1[ in such a way that every neighborhood of C in intD has 
nonempty intersection with ]i, 1[ x X^. We complete intD with the help of the riemannian metric, 
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Figure 1. 

so that D\C can be identified with the disjoint union of all [0, 1[ x Xi. We next denote by int B the 
boundary of intD and by B its completion in the metric inherited from intD. Then B \ C can be 
identified with the disjoint union of all [0, 1[ x dXi; B itself is a smooth manifold with boundary. 
To make the exposition simpler we shall assume in the following that D has only one cylindrical 
end, denoted by [0, 1[ x X. Here we use the canonical coordinates {t, x) , < t < 1, x G X . The 
subset {0} x X of D, where t = 0, is occasionally called the singularity of B. In the sequel, a vector 
bundle over D will be a smooth hermitian vector bundle over intD such that £'|]o,i[xx is isometric 
to the pull-back (under the canonical projection ]0, 1[ x X — » X) of a hermitian bundle Eg over X. 

That we call D a manifold with conical singularity is due to the class of differential operators we 
consider on it, the so-called Fuchs type operators. A /i-th order differential operator A on intD 
with smooth coefficients, acting between sections of vector bundles E and E over D, is of Fuchs 
type, if, near the singularity, 

(1.1) A^t-'^t.ajitK-tdty, aj eC^{[0,llDiS^-'iX;Eo,Eo)), 

3=0 

where Eq, Eq are the restrictions oi E, E to X = {0} x X. The three characteristic properties 
of a Fuchs type operator are the singular factor t^^ corresponding to the order of the operator, 
coefficients which are smooth up to i = 0, and the totally characteristic differentiation tdt in 
t-direction. As we are treating elliptic operators, we assume without loss of generality that E = E. 
One particular example of such an operator (of order n — 2 and with E = intD x C) is the 
Laplace-Beltrami operator on int D for a so-called conical metric, i.e. a metric which is of the form 
dt^ + t^g{t) on ]0, 1[ x AT with a smooth (up to t — Q) family g{t) of metrics on X. In this case 

A = t-^ [{-tdtf ~{n-l + a{t)){^tdt) + Ax(<)} 

with a{t) — ^tdt logG{t) for G — det gij, and Ax(t) is the Laplacian on X for the metric g{t). 
Fuchs type operators naturally act in a scale of weighted cone Sobolev spaces 7Yp'^(D, E) introduced 
in Definition 12. II below. Given s,7 G IR and 1 < p < oo, the operator A defines a continuous map 
'^^^^(D, E) H^-^'''-''(D, E).FoTs = the space '^^■'''(D, E) is isomorphic to the weighted space 
t>+?-^Lp(D,£;) for Jp^in+ l)(i - i). 
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The main objective of this paper is the description of the closed reahzations of the operator 
(1.2) A : C°°'°°{n, E)t C H^'^(ID), E) — > E), 

where the initial domain consists of all smooth functions that vanish to infinite order in the 
singularity and that vanish under the boundary condition T. We assume that T is of the form 
T = (To, . . . , with Tfc = 7o o Bk, where each Bk is a Fuchs type differential operator of order 

k on D, acting from sections of E to sections of bundles Fk ; as usual, 70 denotes the operator of 
restriction to the boundary, i.e. 70 : C°°^°°(D,Fk) C°°^°°(M, Fk\^). We also allow Fk to be zero 
dimensional; in this case the fc-th condition is void. For more details see Section l3. II 

Our main assumption is that A is an elliptic differential operator on int B, that the boundary 
condition is normal (in the sense of Grubb [S], Definition 1.4.3), and that A together with T is 
an elliptic boundary value problem, i.e. that its boundary symbol satisfies the Shapiro-Lopatinskij 
condition. From Hl.l|l it is obvious that the principal symbol of A degenerates in a controlled way 
as t tends to 0; the same is true for the boundary symbol. After suitable rescaling, we can pass to 
limit symbols at t = which we require to be invertible. We call this M-ellipticity. 
We shall denote by ^T,inin the closure of l|1.2|l in the Banach space Hp'''{^, E), and by Ax^max the 
unbounded operator acting as A on the domain {u G H^''''(D, E) \ Tu = and Au G Wp''''(D, E)}. 
Assuming D-ellipticity we prove the following: 

a) The domain of ^T.min is {u G fl 7i'^''>'+''-=(D, E)\Tu^Q and Au G H°'''(D, E)}; for 7 

e>0 ^ ^ 

outside a discrete set this coincides with {u G T-H^''^^^{p, E) \ Tu = 0}, 

b) 2?(^T,max) = 2^(^T,min) + £^ for a finite dimensional space £ of smooth hmctions that is 
determined by the (conormal) symbolic structure of A and T, 

c) both ^T.min and v4T,max are Fredholm operators; the difference of the indices can be 
computed, 

d) vl^jjjjjj, the adjoint of the closure, can be described explicitly as (^*)f „iax ^^'^ 
mal adjoint A*" of A and a resulting boundary condition T. Correspondingly, A'^ — 

(^')f ,min- 

As mentioned above, Lesch |12| treated the case of conical manifolds without boundary. Gil and 
Mendoza 0J determined the domain of adjoints of closed extensions of Fuchs type differential 
operators; in joint work |2] with Loya they proved an index theorem. The articles |20j and [2] focus 
on the descripton of the resolvent of closed extensions and show existence of bounded imaginary 
powers. The analysis of boundary value problems on manifolds with conical singularities began 
with Kondratievs fundamental paper and has evolved in many directions. A topic related to 
this investigation is the work on the asymptotics of the solutions to elliptic equations on singular 
domains by Mazya, Nazarov, and Plamenevskij |13| . |14| . 

Notation: Throughout this paper, a cut-off function is a non- negative, monotonically decreasing 
function in C^,„p([0, 1[) that is identically 1 in a neighborhood of 0. In the sequel, w, wi, . . ., and 
ui,ujQ,u}i, . . . will denote such cut-off functions. We shall write ^ w if w = 1 in a neighborhood 
of the support of wq. The operator of multiplication (in various spaces) with lo shall be denoted by 
w, again. 

By t we denote a real variable as well as a smooth positive function on int D that coincides on the 
cylindrical part ]0, 1[ x X with (t, x) 1— > t. 

2. Boutet de Monvel's algebra on manifolds with conical singularities 

We review Boutet de Monvel's algebra for manifolds with conical singularities. Main references 
are jl7| and ^18 , where this algebra is studied in detail. For other expositions we refer to |10j 
and |19| . We assume some familiarity with Boutet's calculus on smooth manifolds. However, for 
completeness, we give an introduction to this calculus in the appendix, cf. Section |S1 
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In a slight extension of the _L2-based previous work, we shall consider the operators on Lp-spaces 
with 1 < p < oo. This requires two continuity results which we deduce from [7|- 

2.1. Weighted distribution spaces on D and B. Let X be embedded in il, a smooth 
compact manifold without boundary. Using the product structure of M x £7, it is straightforward 
to define the Sobolev spaces 

H^{M. X rj), s e M, Kp < oo. 
Extending the map S-y : C;^„,p(K x n) ^ C^n,pi^+ x 

(2.1) {Sju){t,x) ■.= t-'^+^u{\ogt,x), 7eM, 
from functions to distributions, we obtain the weighted Sobolev spaces 

Wp'''{R+xn), s,7eM, l<p<oo 

on the half-cylinder as the image of Hp{R x fl) under S*^ with the canonically induced norm. 
Restricting to M.j^ x X we obtain Hp'^(M+ x X) with the quotient norm 

\\u\\n'p-'(R+xx) ^ inf |||t^|k;-^(R+xa) I wk+xintx = u|. 

Gluing together two copies of D along the singularity {0} x X yields a smooth manifold with 
boundary 2D and the standard scale of Sobolev spaces Hp{2D). 

Definition 2.1. For 5,7 e M and 1 < p < 00 let 

n'p'''iB) |u e V'{D) I uu e H;^'^(M+ X X) and (1 - u)u G i?;(2D)} , 

o 

where lo is an arbitrary fixed cut-off function and D denotes the interior o/intD. The norm is 
given by 

\Mnl--'{n) = \\^u\\ni-'{R+xx) + 11(1 - ^)u\\h;(20)- 
We denote the closure of C^^^^{0) in H'p^ {B) by H'p'''{D). 

o 

The spaces Hp''(B) and Tip '''(D) are Banach spaces and, in case p = 2, even Hilbert spaces. While 
the index s indicates the smoothness of a distribution, the index 7 indicates its flatness towards 
the singularity, since 

(2.2) u e Ul'^{B) ^ t-^u e nfOD). 

The standard embedding and duality properties of Sobolev spaces have corresponding analogues 
for cone Sobolev spaces: 

Remark 2.2. We have continuous embeddings 

Wp (D) H^'^ (D) , H'p^ (D) (D) , 

provided s' > s, 7' > 7, and q > p, r — > t — The first embedding is compact in case of 

s' > s and 7' > 7. Via the scalar product of {I}) the spaces Tip'^ (D) and 7i~,^'~'''(D) are dual 
to each other if - + ^ — 1. 

Similarly, using the Besov spaces Bp{R x dX) :— Bpp{R x dX) on the cylinder and the transfor- 
mation 

(2.3) {S'^u){t,x') ■.^t-^+-^u{logt,x'), jeR, 
we introduce the Banach spaces (Hilbert spaces in case p — 2) 

(2.4) B'p^'iM) = {ue P'(intB) | uju G B'p^'{R+ x dX) and (1 - uj)u G Bp(2B)} . 
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In a neighborhood in int D of the boundary int B we fix a normal coordinate (using the product 
structure on the cylindrical part) and a normal derivative d^. By 7^ we denote the usual bound- 
ary operator 70 o dl, where 70 denotes restriction to the boundary. From standard theorems on 
restriction of Sobolev spaces, the following lemma follows immediately. 

Lemma 2.3. For any \ < p < co and s > ^+ j the boundary operator jj induces continuous maps 

7, :H^'^(ID))— >6r"'^'""(B)- 

Note that the weight 7 is shifted to the weight 7 — ^, since the definition of the weighted spaces 

involves the dimension of the underlying manifold. 

For later purpose we also define subspaces with asymptotics. 

Definition 2.4. For 7 e R and > let As{X; 7, 9) denote the set of all finite sets 
(p,m,Af) I -7 - 61 < Rep < -7, m e Nq, M C C°°{X)j, 

where M is a finite dimensional vector spaces. Any such P is called an asymptotic type. We assume 
that to any p e C there exists at most one element (p, m, M) in P. Similarly, As(dX] 7, 9) consists 
of all finite sets 

Q = {(g,^i) I -7-^<Rcq-^ <-7, ZeNo, icC°°(ax)} 

with finite dimensional spaces L. We set 

As{X,dX;j,9) = {(P,Q) I P e As(X;7,6') and Q e As(o»X; 7 - i 61)}. 

With P G As{X; 7, 9) we associate a finite dimensional space fp(M+ x X) of smooth functions: Its 
elements are all functions u with 

m 

U{t, X) = Lu{t) ^ Cpj{x)t~P log' t, 

{p,m,M)eP J=0 

where Cpj G M and w is a fixed cut-off function. We consider u as a function both on int D and 
IR+ X X. In the same way we obtain the spaces £q(M+ x dX) for Q G As{dX; 7, 9). 

Definition 2.5. For 5,7 e M,. 1 < p < 00, and 9 > set 
For P e As{X; 7, 9) and Q e As{dX] 7, 9) we set 

n;'}{B) = n;'jm © £p{r+ x x), i3;;^(B) = b;;^(d) © 8q{r+ x ox). 

All these space carry a natural Frechet topology as a projective limit of Banach spaces. 
Definition 2.6. For 7 G M set 

^00,7 (JO) = |y £ C'^{mtB) I (tdt)'' \og^ t{iuu) e Q^n;'''{B) \/ k,l e No}, 

where u is some cut-off function (the definition is independent of the involved 1 < p < 00: if one 
transports lou to R x X via S-y from (12.11) . the resulting smooth function is rapidly decreasing in 
t ). For 9 > and P G As(X; 7, 9) we then set 

Cg"'^(©) := n^C°"'^+^-^(B), Cp ''^(P) := C~'^(B) ® £p{n+ x X). 
Analogously we introduce C°^'^{V), C^''^(B), andCg '''(1) for Q e As{dX]-i,9). 
By the previous definitions and Lemma 12.31 we obtain: 
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Lemma 2.7. Let P e As{X;j,9). For any 1 < p < oo and s > ^ + j we have 



with Q — {{p,m,jjM) \ {p,m,M) E P} E As{dX;'y — ^,0), where jjAI is the trace space of M 
under 7j : C°°{X) ^ C°°(9X). 

2.2. Integral operators. In the sequel we shall say that G ~ ^) is an integral 

\y21 t'22 / 

operator with kernel k with respect to the scalar product in (D) © ^' ^ (B), if Q acts on 
Ccomp(™tD) © C^,„p(intB) (and then possibly extends by continuity to other spaces) by 

(2.5) (Gjiui + gj2U2)iyj) = (fcji(2/j,-),ui)„o.O(jj^ + {kj2{yj,-),U2) 1^-1/2. -1/2 j = 1,2. 

In l|2.5|l . t/i denotes the variable of D and y2 that of B. The kernels kn, ki2, ^21, and k22 are locally 
integrable on intD x intD, intD x intB, intB x intU, and intB x intB, respectively. In view of the 

use of the scalar product of B2 ^' ^ (B) in the second component, this notion differs slightly from 
the standard notion of integral operators with a kernel k. However, this form makes the exposition 
easier. We shall use the short-hand notation 



k2i k 



22 



if kij G Vi(S>TrWj, 1 < i,j < 2, for certain subspaces Vi, Wi of smooth functions on intD and 
subspaces V2, W2 of smooth functions on intB. Moreover, ®^ denotes the completed projective 
tensor product. If the spaces Vi, Wj are Frechet spaces, Vi Wj consists of all functions / that 
have a representation 

00 

f{y^,yj) = E >'kV^{y^)w';{yJ) 

k=\ 

with (Afe)fcgN being an absolutely summable sequence of complex numbers, and (uf )fcgN, iw^j)k&i 
being zero sequences in Vi and Wj, respectively. 

2.3. The flat cone algebra. A flat Green operator Q of type is an integral operator with 

00 _i 

respect to the scalar product in ' (I^) ©^2"^' ^ (®) with kernel in 



© 

'"'°°(B) 



®^ (C°°^°°(ID))©C°°'°°(B)), 



where 



(2.6) c°°'°°(D) = n c°^^^{n), c°°'°°(B) n c^^^i{m) 

(these functions vanish to infinite order in the singularity). In particular, Q induces an operator 

C°°'°°(B) C°°'°°(D) 

(2.7) g-. © — > © . 

C°°'°°(B) C°°'°°(B) 

Definition 2.8. An operator Q , acting as in H2.7|l . is called a flat Green operator of type d S No 
if it is of the form 

with flat Green operators Go, ■ ■ ■ tGcI of type 0, and a differential operator D on]D) with coefficients 
smooth up to t = 0, that coincides with —id^, near the boundary B of D. The space of all such 
operators is denoted by Cq(D)oo. 
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Definition 2.9. A holomorphic Mellin symbol of order G Z and type d € Nq is a holomorphic 
function h : C —>■ B'^''''{X) such that 

6^h{5 + iT) -.m — > B^'''^{X; M^) 

is a continuous function. We denote the space of all such symbols by Mq'^{X) and set 

Mg''^(l+ xX)= C°°(l+) %^M^'^{X). 

Each h S Mq''^(K_|_ x X) defines an operator 

C~^p(R+ X X) C-(M+ X X) 

opm(/i) : e — > e 

C-^p(R+ X dX) C°°(R+ X dX) 

by 

(2.8) {opM{h)u){t) = J t~^h{t,z){Mu){z)dz, 

where A4 denotes the Melhn transform, T is an arbitrary vertical line in the complex plane, and 
we identify C°°(M+ x X) eC°°(M+ x dX) with C°°{R+,C°°{X) eC^idX)). Observe the following 
useful relation: For any cr e M, 

(2.9) opm(/i) = t-^ op j^{T-h), 
where T'^ is the operator of shifting z by a, i.e. 

(2.10) {T''h){t,z) = h{t,z + a). 

Definition 2.10. With fi eZ, d gNq let C^''^(D) denote the space of all operators 

c°°'°°(e) c°°'°°(D) 

A: ® — > 
C°°'°°{M) C°°'°°(B) 

of the form 

A = ujt-^ opM{h) wo + (1 - -uji) + G, 

where coi -< ui ~< uiq are cut-off functions and 

i) h{t,z) e M^'''(M+ X X) is a holomorphic Mellin symbol, 

ii) V e B'''''(2D) is an element of Boutet's algebra on 2D, 

iii) G G C'q(ID))oo is aflat Green operator. 

2.4. The full cone algebra. In order to allow the construction of a parametrix to elliptic 
boundary value problems it is necessary to enlarge the flat cone algebra by a more general class of 
smoothing remainders. 

Flat Green operators of type have, roughly speaking, integral kernels that vanish to infinite 
order in the conical singularity. General Green operators instead have a specific kind of asymptotic 
behaviour near the singularity. 

A Green operator of type associated with asymptotic types {P,Q) S As{X , dX ; , 9) and 
{P'j Q') e As(X, dX; 7', 9') is an integral operator with respect to the scalar product in 7i2'°(D) © 
82^' ^ (B) with a kernel belonging to the intersection of the two spaces 



/ C^'^'(D) 



1 ^00,7 



(C~'-'>'(D) ©C~'-^-^(B)) 
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and 

C°°''''-5(B)/ 

where P — {{p,m,M) \ {p,m,M) e P} and analogously Q is given; M denotes the space of all 
complex conjugates of elements of M. 

Using the technique from |22) . Section 4, it can be seen that Green operators equivalently can be 
characterized by mapping properties in Sobolev (Besov) spaces: 

Theorem 2.11. For an operator Q to have a kernel as above, it is necessary and sufficient that, 
for some fixed 1 < p < oo, 

g : ® — > © 



for all s > —1 + - and all r ^ R, and that 



V^r^ (D) c^^-^B) 

a* : ® — > © 

for all s > —1 + i and all r £ M. Here, the exponent t refers to the formal adjoint of Q with respect 
to the scalar product in Ti..^ (D) (B B2 ^' ^ (B) and p' is the dual number to p. 

DEFINITION 2.12. Let {P,Q) e As{X,dX;~-/,e), (P',Q') £ As{X,dX;Y ,6'), and d £ Nq. Then 
Cq{P;^ ,6]^ ,9') denotes the space of all operators Q that are of the form 

with operators G{), ■ ■ ■ ,Qd having a kernel as described above (with certain asymptotic types depend- 
ing on Gj), andD as in Definitions^ We write C^(ID); 7, 7', 6*) = C^(P; 7, 6*; 7', 6*). 

Besides Green operators we need another kind of smoothing remainders, built on meromorphic 
Mellin symbols. 

Definition 2.13. An asymptotic type for Mellin symbols P of type d Nq is a set of triples 
(j),n,N) with p £ C, n Nq, and N a finite dimensional subspace of finite rank operators from 
B~°°''^{X). Moreover, we require that, for each 6 > 0, 

{p G C \ \Rep\ < S and (p, n, N) G P for some n, N} 

is a finite set. A meromorphic Mellin symbol with asymptotic type P of type d £ Nq is a mero- 
morphic function f : C ^ B^°°''^{X) with poles at most in points p E C with {p,n,N) e P for 
some n, N . Moreover f satisfies: If (p, n, N) £ P , then the principal part of the Laurent series of 

n 

f in p is of the form ^ Rk{z ^ p)^^^^ with Rk G N; if x ^ C°°(C) is identically zero in a small 

k=0 

neighborhood around each pole and identically 1 outside another neighborhood, then (x/)(^ + *''") 
a continuous function of S € R with values in B~°°''^{X;Rt) — S{Rt, B^^''^{X j). We shall then 
write f e Mp°°''^{X). 

As in 1)2. 8|) we can associate with meromorphic Mellin symbols a pseudodifferential operator. Now, 
however, the operator will depend on the choice of the line F. Denoting the vertical line Re z = ■^^S 
by ri_5, we define opij{f) by 

{opUfhm^ I t-^f{t,z)(Mu)(z)dz. 
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Using this notation, we always require that none of the poles of / lies on the chosen line. 

Definition 2.14. Let 7 g M, G Z, d e No, and fc e N. Then Cj^^(3(D;7,7 - /it, fc) is the space 
of all operators 

A: © > © 

which are of the form 

k — l 

(2.11) A = ujE i^^^^' oplr* if,) ^0 + Q. 

j=o 

where uj,ujo are some cut-off functions, Q G Cq(ID);7,7 — t^jk), the fj are meromorphic Mellin 
symbols with asymptotic types Pj of type d, and 7 — j < 7j < 7- 

Now we are in the position to define the full cone algebra. 
Definition 2.15. Let 7 g M. ^ e Z, d e Nq, and fc e N. We set 

C^■■\Ii■^,-1-^l,k)^C'^\n) + (D; 7, 7 - A:) , 

acting as in Definition al. 141 

The terminology 'algebra' is due to the following fact: 

Theorem 2.16. Composition of operators, {Ao,Ai) ^o-^i, induces a map 

CMo.<io(D. ^ _ ^ _ ^0 _ A;) X C^i^^^ (D; 7, 7 ^ fc) ^ C^'''{B: -f,j~fi, k), 

with fj, — fj,o + and d = max(/ii + dQ,di). If one of the factors Aq or Ai belongs to the Cm+g- 
or Cc-classes, the same holds true for the product. 

Theorem 2.17. Each A £ C^^''(D;7,7 — /i, fc) extends by continuity to mappings 

(2.12) A: ^©^ ^ ^® ^ , s>d-l + -. 

For each asymptotic type {P,Q) G As{X,dX;j,k) there exists a {P',Q') G As{X, dX;j — fi, k) 
such that 

(2.13) A: © ^ © , s>d-l + -. 

Proof. We may assume type d — 0. Let A be as described in Definitions 12 . 1 01 and 12.151 Then 
(1 — ui)'P{l — uJi) has the required mapping properties by the results of [7], since away from the tip 
cone Sobolev and cone Besov spaces coincide with the usual ones. Also G behaves correctly due to 
Theorem 12. Ill Thus we may assume that 

A = cj t-'' (opMih) + E oPm"^ ifi )) ^0, 
cf. H2.11|l . In order to obtain H2.12() it is then enough to consider 

A = ^t-^' op]7*(/)c^o 

for some f(t, 7 + ir) £ C°°(l+, R^)). We pull back t^'A to an operator on K x X using the 

maps and S^_\^ in (|2.1(l and (|2.3(l . Since 

("^0 5'^ 1) "(-^^ ('0' 5"') " op(/7)' fii^^ e) = /(e^ - 7 + ip), 
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this yields a 'standard' operator in Boutet's calculus on M x X and the assertion follows from [7]- 
Let us turn to the proof of l|2.13|l . From the known case p = 2, ci. Theorem 4.1.14 in 17 and 
Lemma 3.1.8 in |18| . we have that 

Cp '^(ID)) Cp/''~^{B) 
A: ® — > © . 

By the definition of the spaces with asymptotics, cf. Definition l2.5l we thus may assume that P and 
Q are the empty asymptotic types. Since h is holomorphic, opfj{h) on C^,„p(intD) ©C^^p(intB) 
is independent of the choice of a. By density and (|2.12|) this yields that 



is continuous. It remains to consider A as above, but now with a meromorphic Mellin symbol 
/ G For small e > we write 

A = iut-'^opl:^''-'-^if)LUo + t-^c. (op]7*(/) - opX;'-^-^(/)) 

If e is sufficiently small / will be holomorphic in the strip —7 — fc < Re z — < — ^ _ /j ^ 

and thus the action of opj^'' ^ ^ (/) will be independent of e > 0. Hence the first summand maps 

HplOB) ® bI/'^'^M) into C^'''"^(D) ® C^'''"^"^(B) The second summand can be calculated 
explicitly by means of Cauchy's integral formula, see Proposition l5.ll giving the desired result. □ 

Theorem 2.18. Let A € C'''°(D; 7, 7-^, /c) with n <0. Then the formal adjoint of A (with respect 

to the scalar product ofTi^'^iP) ® B^^'^^iM)) belongs to C'''°(ID); -7 + fi,~-/,k). If A belongs to 
the Cm+g- or Cc-classes, the same is true for the formal adjoint. 



2.5. Symbolic structure, ellipticity, and parametrix. Let A 



^/ 

fj,, k) be given. On int D (i.e. away from the conical singularity) the operator ^ is a usual element 
of Boutet de Monvel's algebra. Hence we can associate with A the usual (homogeneous) principal 
symbol 

a^^(^) = a^(A)eC-(T*intB\0) 
and the usual (principal) boundary symbol 

(2.14) CTg(yl) e C°°(r*intB\0,£(i7p"(E+) eC,i/;-'^(]R+) ©C)). 
Near the conical singularity these symbols are 'cone degenerate', i.e. the limits 

a^(^)(a;,r,a -^Hm i''a;;(^)(t,a;,i-V,0, 5^(^)(x', r, O = ^Hm ^'^ ^^(-4)(t, a;', t-^r, r) 
exist. We call 

CT^(^) eC°°((T*X xE)\0) 
the rescaled principal symbol. The rescaled boundary symbol is 

(2.15) a^(^) e C°°{{T*dX X K) \ 0, £(^^(11+) © C, i?p"-^(M+) © C)). 
According to Definition 12 . 1 51 A. is of the form 

A^ujt-^" opjv/(/i) uja + {l- uj)V{l -uji)+M + g, 

where h and V are as in Definition l2.10l i.ii'). and M.+Q are as in definition l2.14l Then, by definition, 
the conormal symbol of A is 

al,{A){z)^h{Q,z) + fo{z). 
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It is a meromorphic function with values in B'^''^{X) or, alternatively, 

(2.16) <jtA-^)(z) e C{H;{X)®Bp'^dX),Hp'{X)®B;''''^dX)) 

for any s > d — 1 + K Recall also that a1j{A){6 + it) £ _B^''^(X;M^) whenever /o has no pole on 
the line Rez = (5. We then have the following compatibility relations: 

independently of (5 G K (note that /o is of order —oo and thus does not contribute to the principal 
symbolic levels). 

Remark 2.19. Let A G C'^'''(I!); 7, 7 — ^, fc) with d = max(0, ^) and assume that both ct^X-^) "^"^ 
cTq {A) are pointwise everywhere invertible. Then the before mentioned compatibility relations ensure 
that h{0, S + ir) G B'^''^{X; Rr) is (parameter- dependent) elliptic for each S, hence cr'^,j{A){S + it) 
is invertible for large \t\. By a classical theorem on the invertibility of Fredholm families one then 
can deduce that a'^^{A) is meromorphically invertible with 

al,{Ar'{^) = h'{z)+f[,{z), 

where h' G Mq'^ {X) and /q G Mpi^'"^ {X) with d' = max(0, — /i). For details see |18) . 

Note that the invertibilty of the (rescaled) boundary symbol H2.14I) . 12.15|l . and the conormal 
symbol (|2.16|) is independent of s and p. 

Definition 2.20. We call A G C^'''(I1); 7, 7 - /i, /c) elliptic if the following three conditions are 
satisfied: 

i) Both cr^ [A) and ct^ [A) are pointwise everywhere invertible, 

ii) both Gq^A) and'(jQ{A) are pointwise everywhere invertible, 

iii) a'^{A)~^ has no pole on the line Rez = ^^y^ — 7. 

Theorem 2.21. Let A G C*^'''(D; 7, 7 - ^, /c), d = max(0,/Lt), be elliptic. Then there exists a 
B G C"^'''' (D; J - fi,j,k), d' = max(0, -fi), such that 

BA-le C^(D;7,7,A:), AB - I C^;{W,-i - ^1,^1 ~ ^JL,k). 

Any such B with these properties we call a parametrix of A. Using the compactness of Green 
operators and the mapping properties of elements of the cone algebra, one can easily deduce the 
following results on Fredholm property and elliptic regularity: 

Theorem 2.22. Let A G C^''^(D; '-f,j ~ fi,k), d = max(0, fi), be elliptic. Then 

A- ^ ® ^ — > 1 ® 1 

is a Fredholm operator for any 1 < p < 00 and s > d — 1 + i . 

Theorem 2.23. Let A G C^''^{^; 7,7-/1, k), d — max(0, /i), be elliptic and consider the equation 
An = / Then: 

a) If f ^W-^''''->'{B)®Bl~'"'^'''~'"~^{M), s>d-l + i, and u G H*'^(B) ® Sp""'"'"^ (B) 
for some t > max(0, -/i) - 1 + ^, then u G ^^■''(D) ® Bp^'^''^^^ {M) . 

b) /// G Hiy,'''~^{B)(BBl'^Qr'^^'^^^{M), s > d-l+^, for some asymptotic type {P',Q') G 
As{X,dX;j - n,k) and u G U^'iO) ® B^p ''^ ^ ^ {V) for some t > max{0,-fi) -1 + ^, 
then there exists a {P, Q) G As(X, dX\ 7, k) such that u G H^' J,(D) © Sp^g" ^ (B). 
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2.6. Operators acting on sections into vector bundles. For simplicity of the presenta- 
tion, we so far restricted ourselves to operators acting on scalar valued functions. However, the 
results in Sections 12 . II to ITBl readilv extend to operators acting on sections of vector bundles. 

If E, E and F, F are vector bundles over D and B (see the introduction), respectively, we can speak 
of the cone algebra C^''*(D; 7,7-/1, fc; E, F; E, F). Elements A of this space then induce operators 

n;^''(p,E) n^-t'--y-^'{B,E) 

^: ^ ® > © 

bI'^'^~^(M,F) Bp''''^'^''"'^M,F) 

for any 1 < p < 00 and s>c?— 1 + ^. It is straightforward to adapt the previous definitions 
to the vector bundle situation. The holomorphic Mellin symbol, for example, takes values in 
B^''^{X; Eq, Fq; Eq, Fq), where subscript indicates restriction of the bundles to t = 0. 
The principal and the rescaled principal symbols are then homomorphisms acting between the 
pull-backs of E and E to the cotangent bundle. Similar statements for the (rescaled) boundary 
symbol. More details will be given in Section IT^ 

If the bundles F or F are zero dimensional, we shall omit them from the notation, e.g. we write 
C'^.rf(D; - fi,k;E;E) if F = F ^ 0. 

3. Differential boundary value problems on manifolds with conical singularities 

In the following let A be a Fuchs type differential operator of order /i e N on D, acting between 
sections of a vector bundle E over D. Using the notation from (|l.l|l . the principal symbol of A near 
t = is 

and thus the rescaled principal symbol is 

a';iA)ix,r,0 = t cr;-\a,){0,x,O{-^rY- 

We shall say that A has t-independent coefficients (near the singularity t = 0), if all the aj are 
constant in t near t = 0. 

3.1. Differential boundary conditions. A typical boundary condition for A is of the form 
70-6, where 70 denotes the operator of restriction to B, and S is a Fuchs type differential operator 
on D, acting from sections of E to sections of a bundle F over D. Near i = let 

B = t-- t bAt)i-tdty , 6, eC°°([0,l[,Dir-^"(X;i?o,Fo)). 

Using the splitting x — {x' ,Xn) near the boundary dX , we write 

= E VW^L, V ec-([o,i[,Dir-^-'=(ax;£;^,F^)), 

k=0 

where ' indicates restriction of the bundles to dX. Then 

(3.1) loB = t t-''(t-'+''Eb,k{t){~tdtyW = t s^t-^ik, 

k=0 ^ j=0 ' k=0 

with 7fe = 7o-D^ and Fuchs type differential operators 5^^, of order — fc on B (acting from Er to 
i^B, the restrictions of the bundles to B). 
Given /x such boundary conditions 

Tk=joBk, /c = 0, . . . - 1, 
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with Fuchs type differential operators of order k acting from sections of E to sections of 
and if we set 

(3.2) T = [Tq Ti ... T^_i)*, £'=(70 7i •■■ 7m-i)*> 
we obtain T = Sg with a left-lower triangular matrix 

(3.3) S = {S^k)o<j,k<^ diag(l, t-\ i-^+i). 

Here the S_jf. are Fuchs type operators of order j — fc on B, and S_ji. = ii k > j. Each S_jf. acts 
from sections of iJ^ to sections of Fj. := F^b- 

For the remaining part of the paper T — Sg will be the standard form of a boundary condition for 
A. Note that we allow F^ to be zero dimensional. In this case the k-th boundary condition Tk is 
void. Nevertheless, for systematic reasons, it is convenient to work with the full matrix S. 
We shall say that T has t -independent coefficients (near the singularity t — 0), if all the S^^j. have 
f-independent coefficients. 

3.2. Relation with the cone algebra. Let T — S g he as above and consider the boundary 
value problem 

(3.4) A^(£):'H;^''iB,E)^ ® 

® B'-''-p-''-''-^{B,Fk) 

k=0 

for s > /I — 1 + - . We choose order reductions on the boundary 

AkeC^-''{M;j~k,j~fi,0;Fk,Fk) 
where 6 Q N can be chosen arbitrarily large, and let A :— diag(Ao, . . . , Ap_i). In particular, 

A : V ^""'^"^''^"''■"5(1, Fk) — > V B''-''-p'''-''-^M, Fk) = S^-^-?^^-'^-^ (B, F) 

ior F :— Fq ® . . . ® F^-i is an isomorphism. Then 

H^^^'^-'-^'{]D),E) 



I A)(^)-(Ar)^«r(».'5) 



^s-t.--,-t^f^'^(M,F) 

is an element of the cone algebra as it has been described in Section |21 i.e. £ C^'^(]D);7,7 — 
^l,e■,E;E,F). 

Definition 3.1. The boundary value problem A is called elliptic with respect to 7 if the resulting 
Aa is elliptic in the sense of Definition ll.'I^ 

For later application it is convenient to describe ellipticity of A intrinsically and not refering to 
^A. To this end we introduce a symbolic structure for A, using the representation oiT = Sg as in 
iTOIl . 

The principal and rescaled principal symbol of A are 

a;iA):=a;iA), a^(^) := a^(A). 

The boundary symbol 

^Em^H;-^'{R+)'' 

o'i,{A):^lEB®H;{ 



F 



is given by 



0<j,k<fj, / 
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Here, ttb : r*intB \ ^ intB is the canonical projection, {y, s) refers to a splitting of coordinates 
in a collar neighborhood of B, and g = (70, . . . , Jp,-i)s acts on the half-axis M+. Similarly, with the 
projection irgx ■ T*dX \ ^ dX, we define 

V ^0 

by 

Finally, the conormal symbol of A, 



0<j,k<ii / 



al,{A){z):H;{X,E^) 
for s > ^ — 1 + i is defined by 



m-^^{X,Eo) 



© Bp ''{dX,Fko) 

k=0 



\ ^ / 0<7.fc<« 



0<j,k<fj, 

Here, T'' acts on functions as operator of translation by k, i.e. [T*' f ){z) = /(z + k). Note that this 
shift appears here, since we commuted in (|3.1I) the factor t^^ to the right. 
A straightforward calculation then shows that 

where a is any of the symbols a^, ag, a^, ag, or CTj^^ and 

a(A) diag(a^(Ao), a^-\Ai), . . . , a\A^.,)) 
in all of the first four cases, while for a — aj^j we have 

a,,{K) := diag(TO<,(Ao),Ti<7\Ai), • . . ,T^-'a\,{K,_^)). 
From these relations the following statement is immediately clear. 
Proposition 3.2. A of (|3.4() is elliptic with respect to 7 if and only if 

i) Both (T^ [A) and cr^ {A) are invertihle, 

ii) both a g{ A) andag(A) are invertihle, 

iii) (j'^f{A){z) is invertihle for each z with Re z — ^^^^ — 7. 

3.3. A parametrix construction. Let A — (^j^ be elliptic with respect to 7. Then there 

exists a parametrix Ba to in the sense of Theorem 12.211 for any arbitrarily large prescribed 
G N. We call 

a parametrix of the original problem A. We then have that 
(3.5) ReC-^-°{B;j - ^,j,k;E;E) 

and, modulo Green remainders, 

RA + KT= 1, 



fAR 


AK\ _ 






\TR 


TKJ ~ 


il 
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This construction can be improved. For notational convenience let us introduce the foUowing 
abbreviation: Whenever J-' is a function or distribution space on D on which the boundary operator 
T acts continuously, we set 

Tr^iueT \ Tu^ 0}. 

This is then a closed subspace of T. 

Proposition 3.3. Let (^j^ elliptic with respect to the weight 7. Then there exists a parametrix 
(i?o ^0) such that 

a) TRo = 0, i.e. Rq maps Wf-''~^'{0,E), s > -1 + i, into the kernel ofT m H'p'^{D,E). 
We denote this space by Ti^'^ ip ^ E)t . 

b) v4i?o — 1 G Cq(D; 7 — /i, 7 — fc; _E; E) is a finite rank operator on Ti^ ^(D, E) with image 
in C'^''^~^(I]>, E) for a suitable asymptotic type P. 

c) On Tip''^ (D, E)t , the operator RqA — 1 has finite rank; it coincides with an element in 
Cji.(D; 7, 7, fc; i?; E') and has its image in C'^,'^ {J}, E) for a suitable asymptotic type P' . 

Proof. Our construction is based on an argument by Grubb 5 , Proposition 1.4.2. We first 
reduce order and weight to zero: Let A be the operator constructed in Section and denote by 
AI'^ an invertible cone differential operator of order — /i , cf. Theorem 2.10 in [5]. For s > — 1 + 1/p 
we consider the operator 

(3.6) A={fl)Al^:n;'''-^iB,E)^ © 
By conjugating with f^^^^ we may also assume that ^ — pi. 

As a composition of an elliptic operator with an invertible operator, A S C'''°(D, 0, 0, k] E; E, F) is 
elliptic of order and type zero. Hence there exists a parametrix C of order and type zero such that 

(3.7) AC = l+S and CA=1 + S' 

with Green operators S G Cg,(D; 0, 0, k; E, F; E, F) and S' G Cg.(D; 0, 0, k; E; E), respectively. 
We denote by A* the formal adjoint of A with respect to the scalar products in ^^'^(ID', i?) and 
(B , E)®B2 ^^^(B, F), respectively. A* also is elliptic of order and type zero; for 1 < (7 < 00 
and s' > — 1 + 1/(7 it extends to a Fredholm operator 

n'g''°{B,E) 

A* : © — > H^'^°{B,E). 

Bi"^'''-^'\M,F) 

By elliptic regularity, the kernel is finite dimensional and independent of q and s'; it consists 
of functions in C^'°(D, i?) ® Cq' ^^^(B, F) for a suitable asymptotic type {P,Q). We choose 
a basis {wi,...,tim} which is orthonormal with respect to the scalar product in 'H^'''^{p,E) © 

g-l/2,-l/2^jg^^^^ 

Let us show that kery^* — spanjwi, is a complement of the image of A in H^'^iJijE) © 

Bl~^'^'~^'^{M,F). In fact, for u E H'/OS},E), 

(3.8) = =0, , = 1, . . . ,m. 
For V in ker A* fl im A, H3.8|l implies that 
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SO that V — 0. On the other hand, for an element v in we have 



if and only if v is in the kernel of ^* on E)®B/ ^'^ ' ^'^ . Since the image of A is closed, 

the quotient i?) © Sp~^^^'~^^^(B, F)/im^ is isomorphic to the space of all functional in 

the dual of H'/{B,E) © Bp~'^'^''^''^{M,F) which vanish on imA, thus to ker J*. Hence ker J* is 
a complement to im^, for it has the right dimension. 

As a consequence, we can write the projection t^^^^^, onto ker^* along the image of A, 

HfiB,E) ^ nf{n,E) 

TTj^e^j. : ® ^ker^*C © 

g«-i/p,-i/2^^^ F) B;-'/P'-'/'(B, F) 

in the form 

in 

This shows that it is an element of Cq (D; 0, 0, /c; £', F\ E, F) with integral kernel X]j=i '^j ® ' 
Section in 

In an analogous way we can choose a basis {ui, . . . ,Uk} of the kernel of A in 7ip'°(D, ii^). It is 
a subset of C^'"(D, i?) for some asymptotic type P', thus independent of s and p; we choose it 
orthonormal with respect to the scalar product of Ti,2''^{I$, E). The projection tTj^^j.^ onto kery^ 
along the range of A* : UfiB^E) © Bp'^^'^'^'^^^ (M, F) — > Hf{B,E) is given by 7r^^,^(u) = 
S^=i ("i ""j) 3 ° -a o^J ^^"^ therefore an element of Cji.(D; 0, 0, /c; £'; E). 

The kernel of tTj^^^, is the range of A* and thus a complement of the kernel of A. Let C denote 
the operator which acts like an inverse of 

^ ■ ker ^kor J — ^ im i = ker tt^^^ 

and is zero on ker^*. In fact, the operator C is defined for all 1 < p < cxd and s > 1/p — 1; its 
action is independent of s and p; since this is the case for A. We have 

(3.10) C'A=l-7r^^^j onnf{I]>,E) 

(3.11) = l~TT^^^j, on'Hf{B,E)®B;-^'P'-^/\M,F). 
For the difference of C and the above parametrix C we have by H3.7|l : 

e'-C = {CA- S'){C' - C) - C(l - n^^^j, )-C{l+S)- S'iC ~ C) = -Cin^^^j, +S)- S'{C' - C). 

This operator maps nfiB, E) ® Bp^^^^'^^^^iM, F) to Cp^'° {D, E) ® Cq;^^^^ {M, F) with suitable 
asymptotic types. For the adjoint we have 

(C - Cy = {C*A* - S*){C'* - C*) = C*(l - 7r*^^_^) - C*(l + 5'*) - 5*(C' - C)* 

= ~C*{7rl^,j + Sn-S*{C'-Cr. 

Again, this operator maps H'/{D,E) ® Bp~^^P'^'^^^{M, F) to C^-°{B,E) © Cq;"^/^(B, F) with 
suitable asymptotic types and thus is a Green operator of type zero. We write C — {R , 

C = {R' K') , and J = ^ with A = AKZ^ and f = ATAI^' . Then there are Green operators 

Si and S'2 in Cg,(D; 0, 0, k; E; E) such that 

R'A = 1 + 52 on nf{n, E)f, li?' = 1 + on ^^'"(D, E). 
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Indeed, the first identity follows from H3.10|) . since, on Hp'°(D, i?)^, we have 

while the second follows from (|3.11() . Next we write 

nf{0,E) 'Hf{B,E) 

® — > (B . 

^s-i/p,-i/2^g^ F) Bl-^'^^'-^'^iM, F) 

We know that 5*21 is of finite rank. The adjoint, 5*21, also is of finite rank. By (|3.9|) . its range 
lies in Cq,' ^^^(D,i?), for a suitable asymptotic type and is independent of p. We denote this 
range by Z and note that the projection tt^ onto Z along the kernel of 5*21 also is an element of 
Cq(P] 0, 0, k\ E, E). In fact, choosing a basis {ei, . . . e, } of Z, which is orthonormal with respect to 
the 7^2'° (D, E) scalar product, we can write ttz as the integral operator with the kernel X)j=i ^j^'^j 
with respect to the pairing between E) and E). We now let 

R" = R'{l-TTz). 

We infer from that 

(l-5ii)(l-7rz)\ 
j' 

so that i?" maps H^'°{B,E) to n°''^(p,E)f, while AR" differs from the identity by a finite rank 
operator, say S" , in Cg(D; 0, 0, k; E; E). 

We can now conclude the proof: We let Rq = AI'"i?'(l - ttz) = AT^R". Since TRq = A~^fR" = 0, 
this operator maps Ti^ °(D, E) into 7ip''"'^'°(D, E)t, and we obtain assertion a). Moreover, ARq — I = 
AR" - 1 = 5" e C%{B\ 0, 0, k; E; E), showing b). Finally, on H^'^iB, E)t, 

RoA - 1 = A:^i?'(l - 7rz)lA^ - 1 = AZ" {R' A + K'f) At - 1 - AZ^R'-i^zAt. 
= AZ^C'AAt - 1 - AI"i?'7rzA^ = -^-"(^kcr^ + R'itz)A''_. 
Hence R^A — 1 G Cg(D; /i, /i, k; E, E), which implies c). □ 

3.4. Normal boundary conditions. 

Lemma 3.4. There exists a map K : © C°°'°°(B, F^) C°°'°°(D, F) that extends continuously to 

k=a 

K:%'Bl''''^''''^'{M,Fk)^n;'^B,E) 

k=0 ^ 

for any 7 G M, 1 < p < 00, and s > /i — 1 + such that qK = 1 and both (pKu! and cuKip map 
into C°°'°°(D, i?) whenever the cut-off function uj and G C(j^,„p(int D) have disjoint support. 

Proof. We shall construct K in the form K — ujK'ujq + (1 - U!)K"{1 — uji) with cut-off 
functions uji ^ lu ^ uiq. For K" take any right-inverse to g on the smooth manifold with boundary 
21!), as for example constructed in Lemma 1.6.4 of [S]. Then (1 — uj)K"(l — uji) has the required 
mapping property. It remains to construct K' on x X. The construction is of local nature, so 
we may assume all bundles to be trivial and, for notational convenience, one dimensional, and we 
may work on R+ x R!^. We then define K' = {Kq Ki ... JsT^-i) by 

{K,u){t,x',xr,) = j j e'^'^' t~'-kj{xn.z,0{Ms^.Ty.^(_.u){z,£,')dzdS,' 



ker^- - U2I S22 
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with the symbol 



J- J Ja s 



M{s~'^){i<j)C{{C, T + (J) xn) da, z = 5- 



Here, ip G C^j,jp(R+) with ip = 1 near 1 and ( £ C^„jp(]R) with C = 1 near (the symbols kj arise 
by applying a so-called kernel cut-off procedure, cf. |19) . to the symbols used in in the proof of 
[5], Lemma 1.6.4). Moreover, T is any vertical line in the complex plane; due to the holomorphy of 
kj in z and Cauchy's theorem, its choice does not effect the action of Kj on C°°'°°(R+) (2),^ iS(M^). 
Since -^kj{xn, z,^')|a;„=o = Sji (Kronecker symbol) for all < Z < j, K' defines a right-inverse to 

Q. Also K' has the desired continuous extensions (where one takes V as the line Rez = ^^^^ — 7), 
since (up to an order reduction of order j) Kj is the typical local model for a Poisson operator in 
the flat cone algebra. This then also induces the stated smoothing behaviour of pqKlpi. □ 

Remark 3.5. The vroof of Lemma i'A. 41 yields the following: Given < s < 1, we can construct K in 
such a way that K{luuq, . . . , cju^-i) is supported in [0, e[ x X , whenever to is supported sufficiently 
close to zero. 

The previous lemma shows that g is surjective. This is also true for general boundary conditions, 
provided they are normal in a sense we now specify. To this end we identify zero order Fuchs type 
differential operators on B with vector bundle morphisms. 

Definition 3.6. Let T — Sg as in H3.3|) . We call T a normal boundary condition if S_j^j, : E-r Fk 
is surjective for all < k < fi. 

Proposition 3.7. Let T ~ Sg be a normal boundary condition. For < k < ^ let 5'^,^. : Er Eg 
be projections onto '.— ker S^j,j, {these are subbundles of Er, since the S_f.k i^'e surjective). Then 

(3.12) § : O Bp ' ' ^(B,£;b)^ © 

® Bp ^'^ '(B,Zfe) 

fe=0 

with S_' = diag(5gQ, . . . ,S_' i i) is an isomorphism for any 7, s G M, and 1 < p < 00. Lf 



^, ^ -1 



then both C_ and C' have the same structure as S_, i.e. they are left lower triangular matrices whose 
entry in the j-th row and k-th column are Fuchs type differential operators of order j — k. 

Proof. The proof is parallel to Lemma 1.6.1 of |5]. The map 5 = ^^^^s(^oo' • -^^S ^-1,^-1) 

1 f s\ ~ 

acting as in H3.12|l . is invertible by construction of 5'. Then U_= S_ ( ~, j is a left lower triangular 

matrix of Fuchs type operators acting on sections of £'b, with identities in the diagonal. Hence [/ 
is invertible, since iZ = 1 ^ H with a nilpotent matrix V.. By Neumann series, 

{C C') =ir^'s'^ = {1 + V + ... + V''-^)S_'^ 
is of the described structure. □ 

As a corollary, any normal boundary condition T = Sg is surjective. In fact, if 
(3.13) C:=diag(l,t,...,i^-i)C: 
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with C_ from the previous proposition, and K is as in Lemma 13.41 then 

TKC = SqKC = S:diag(l, , i^'^+i) diag(l, t,..., i^^^) C = 1. 

Thus KC is a right-inverse to T. This together with the mapping properties of K and C immedi- 
ately yields the following lemma. 

Lemma 3.8. Let T = Sg be normal, K as in Lemma \'6.<5i and C from (|3.13|) . Then 

(3.14) P := 1 - KCT : H'/'{D, E) — > 7i^^'^(D, E) 

continuously for any 7 S M, 1 < p < 00, and s > /i — 1 + i. Moreover, P is a projection, i.e. 
P^ = P, and im P = np'<{lD>,E)T. 

For later purpose it is useful to know further properties of P, stated in the next lemma. 

Lemma 3.9. Let T = Sg be a normal boundary condition and P as in (|3.14|l . Let uj,ujq,cl!i be 
cut-off functions with uji ^ lu ^ loq. Then 

i) = implies luiPu G C°°^°°(D, P), and = implies {l-ujo)Pu £ C'^^'^{]D),E), 

ii) ujTu = implies uJiPu - ljiu G C°°^°°(B, E). 

iii) ujTu G BT''^'^'''^''^^^^ {M,Fk) for some r > implies uJiPu - luiu G m'^+''{B,E). 

Here, u G Hy{p, E) with 7 G M, I <p <oo, and s > - \ + ^. 

Proof. Let us show the first part of i). We write 

LOiPu — LUiu — ujiKCTuju -|- LJiKCT{l — lj)u. 

The second summand vanishes by assumption, the third belongs to C°°'°°(D, E) due to the locality 
of C and T, and due to Lemma The other claims are proved analogously. □ 

Corollary 3.10. LetT be a normal boundary condition. Then C°°'°°{I]), E)t is a dense subset of 
the closed subspace Hp'''(D, E)t ofrip'^fiB, E) for any j eR, 1 < p < 00, and s> fi-l + ^. 

Proof. Let u G 7ip^(D, i?) with Tu = be given. There exists a sequence (wn)n6N in 
Ccomp(intD, converging to u in Ti^ '^(B, i?). Now w„ := Pvn vanishes under T and belongs 
to C~'°°(D, E) by Lemma Eli). By Lemma 1X51 w„ Pu ^ u in rLl''^{B), E). □ 

3.5. Green's formula and the adjoint problem. We denote by A* the formal adjoint of 
A. In coordinates {t, x' , Xn) near ]0, 1] x dX let us write 

(3.15) A^t-i^Y. E sji{t, x', Xn,D'){-tdtyDl 

1=0 j=0 

with differential operators Sji{t, x' ,Xn, D') of order fi — j — I on dX (depending on the parameter 

{t, Xn))- 

Theorem 3.11. For all u G H^'''+^(D, P) and v G H'^r''{B,E) we have 

(3.16) {An, w)„o,0(jj^^) - (u, A*v)^o,o^^ j^^ = {^gu, gv)i^o.o^^ j^^.^ , 

where E^ is the n-fold direct sum of Ek and 21 = {^jk)o<j,k<p. is a left upper triangular matrix 
with 

%k=t-'%kt''' 

and cone differential operators 21^^. of order fi — I — j — k acting on sections of E^ and St^j, — if 
j + k > fx. Setting 21 = i^jk)o<j,k<n we can also write 

21 = diag(l, r \ . . . , r^+i) 2t diag(l, r \ . . . , r^+i). 
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Explicitly, near the singularity, 

%k^t-^^+^+^+' J2 E ^{{~D,,y-^-''-h^l){t,x\0,D')(-t^t-kr, 

m=0 l=j+k+l 

where we use the notation from H3.15|l . In particular, for < j < ii. 
The proof is a standard but lengthy induction based on the relation 

for functions u,v £ C^„^p{M.+ xM") and the fact that {f,g)s°-~^/\M+xR'--^) = 5')K0'''(R+xR"-l)■ 
To this end note that n"/\M.+ x S") = L2OS.+ x 1" , and 62'"(K+ x R""i) = L2{M.+ x 
We shall omit the details. 

Definition 3.12. The adjoint problem of ('Z] is (%] with 



TJ \T ^ 

f^Sg^ ldiag(l, t'^,..., g, S_ I'' (21 C')'. 

Here, 2( is from (|3.16|) . C' from Proposition^^ and 1^ = {Sj+k.fj.-i)o<j.k<fj. "is the skew unit 
matrix. The superscript t refers to taking formal adjoints in each entry of the matrix and then 
passing to the transposed matrix. 

We note that 

(3-17) S_jf. ~ Yl Q-L.^i-j-l%.kl 

1=0 

is a cone differential operator of order j — k and equal to zero if A; > j. Letting Zk = kcrS^^,^ for 
< k < n the fact that Cj*^, maps to sections of Zk implies that 

(3.18) f:H'p^I},E)^%^Bp''''^-^''''^iM,Z^^i^k). 

k—O 

In general, T is not uniquely determined, since in Proposition 13 . 71 we may have some freedom in 
constructing C'. However, any of the possible choices for T is equally good. 

Proposition 3.13. // 2lo^_i is a homeomorphism then T is normal. 

PROOF. By (ina, Ikk = Q!^-k-i,,.-k-i^i,.-k-i = C;*_fe_i,^_fc_i2t*_^_i, since the only 
nonzero summand is that for I — — k — 1. However, by construction the C'j.^. are injective 
morphisms, hence the are surjective. The assumption yields the surjectivity of all jS^.^, i.e. 
normality of T. □ 

We shall say that B non- characteristic for A if the assumption on 2lg in Proposition 13.131 is 
satisfied. 

4. The minimal extension and its adjoint 

Let us now consider A as the unbounded operator 

(4.1) A : C^'^{B, E)t C H°'''(ID), E) — > W°'''(©, E) 

with a normal boundary condition T = Sg. This operator is densely defined and closable, since A 

acts continuously in the scale of Sobolev spaces. We shall assume that satisfies the ellipticity 

conditions i) and ii) of Proposition 13.21 This we shall refer to as 9- ellipticity. Note that then the 
conormal symbol is meromorphically invertible, cf. Remark 12. 191 and that B is non-characteristic 
for A. 
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Definition 4.1. We denote the closure (respectively minimal extension) of A from (|4.1|) by A^ -^ 
Proposition 4.2. We have the inclusions 

(4.2) h^'''+^(d,£;)t c P(AT,min) c e n^H^''^+^"^(D,£;)T I An e n"p^B,E)y 

If additionally, [ ^ ) is elliptic with respect to + jj, then 



V{AT,nun)=K^^+''{D,E) 



T- 



Proof. Let u G ?^^''^+^(D, £;)t. By Corollary ITTUl there exist u„ G C°°'°°(D, £')t such that 
M„ ^ It in H^'''+'^(D, S). Then Au„ v4u in 7i:°''^(D, and the first inclusion of is verified. 
Next assume ellipticity with respect to 7 + /i and let u G P(j4T.min)- Then there exists a sequence 
(un)«GN C C°°'°°(D,£;)t such that u„ ^ u and Au^ in H°-'^{D,E). Let (i? A') be the 

parametrix as constructed in Proposition (with 7 replaced by 7 + /i). Then, in particular, 

G:^RA-1: H°'''+''(B, E)t — > 7^^'^+''(D, £:) 

is a finite rank operator. The sequence Gu„ = i?(^u„) — u„ converges in 7ip''''(D, i?), hence also 
in H^-''<+f'{B,E) due to dimimG < 00. Since TR 0, it even converges in ?^^'T+^(D, £;)t. 
Consequently, m„ = R{Aun) — Gun converges in ?i^''''+'^(D, E)t- Thus we obtain the above stated 

identity. For the remaining inclusion in (|4.2|l note that in any case {^j^ elliptic with respect to 
7 + /i — £ for all sufficiently small e > 0, cf. Remark 12.191 Then we argue as before. □ 
We shall improve the second inclusion in H4.2|) to an equality, cf. Theorem l4.12l 

4.1. The adjoint of the closure. Our next aim is to study the adjoint of AT,min- A first 
simple result is the following lemma. 

Lemma 4.3. ^j^min given by the action of A* on 2)(^^j^jjjJ. 

Proof. Since A^.tnin is the closure of the operator in H4.1() their adjoints coincide and 

2^(^Tmin) = |"eW"r''(B,i?) I 3ven"„r^{B,E) yweC^^°^{B,E)T: 
(4.3) ^ ' 

o 

and then A^^^^u = v. To given u G VlA^ .^^^) there exists a sequence u„ G C^^p(D, E) with 
H°r^ (©,£;). Therefore, with (•, •) denoting the scalar-product of ^"'"(ID', S), 

{w,v) = {Aw,u) < — (Aw.Un) — {w,A*Un) — > {w,A*u) 

due to the duality of ^^■''(ro, E) and Hp,"'"''(©, E). In particular, this is true for aU w G C;;^n,p(l6, E) 
and thus, by density, v — A*u. □ 

Definition 4.4. The operator Ay^max is defined by the action of A on the domain 

2?(AT,max) = G w;'''{b,e)t \ Au G nl''^{o,E)}. 

Observe that AT.max is not the maximal extension of A from l|4.1() in the usual sense (which would 
have the domain {u G 'H°'^(ID), E) \ Au & H°''^(]D), E)}). Instead, it is the largest extension of A in 
7i^'^(D, i?)T- We shall call it the maximal extension of A. This is also justified by the following 
result. 

Theorem 4.5. As unbounded operators inTC^] ''(D, £^) and Ti.p''^{^, E), respectively, we have 

(4-4) ^T,„.in - (^*)f ,n.ax> ^T,„.in = (^*)^,_,, 

where T is the adjoint boundary condition of Definition \'6.V]l 
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Proof. It is enough to prove the first identity, for if it is vahd then 



^f'.max ~ ^Ttmin " ^T.min — ^T,min- 

To do SO, we first shall show that 

(4.5) {u G I A'u e Hy{B,E)} = V{A*t,^,J nHp-'' {B, E). 

Let u e n'^r'^{lD),E), w e C^'°°{I]),E)t, and (f, ) as in Proposition 1X71 with corresponding 



inverse {C C'). If we set D = diag(l, i^^, . . . , t^'^+i), and write 21 = D^{CS + C;g)D we 
obtain 

i^gw,gu) = (Tw,{%CyDgu) + {S^Dgw,I''fu) = {S' Dgw, I^'fu), 
where (•, •) denotes the scalar product of B2''^(E, E^). Hence, if Tu — 0, Greens formula H3.15|l 
yields {Aw,u)q^o — (w, A*u)o,o, with (•, Oo.o denoting the scalar product of H^'^C^j -^)- By (|4.3(l . 
this shows that the right-hand side of (|4.5f) contains the left-hand side. Vice versa, if u is an element 
from the right-hand side, 

{Aw,u)o^o = (w, „ji„-u)o,o = {w,A*u)o,o 
since u € ^{A^ ^^^^). On the other hand, Greens formula for u E Hp;^"'(D., E) shows that 

[Aw, u)qs) = [w, A^u)qs) + (S^Dgw, I^'fu). 
Hence {S_'Dgw, r fu) = for all w e C°°-°°{B, E)t. But now, by construction, S^Dg : C°°^°°(©, E)t 

At-l ~ 

© C°°'°°(B, Zfe) with Zk = '^evSi.i, is surjective. We infer from l|TTH|) that Tu must vanish. 

fe=0 

We have verified Next we shall show that X>(74^ „^i„) C 7ip"'^(D, E). 

First let us assume that, additionally, ^ elliptic with respect to 7 -I- /i. Then, by Proposition 

liOl there exists an i? e C"^'"(D; 7, 7 + A^, k] E; E) such that 

R : 7^°■^(B,^) H^-^+^(D,^)t = P(AT,min) 

and that G := AR — 1 e (^^.(D; 7, 7, k; E; E) is a Green operator. By general facts on the adjoint of 
compositions, R*A*j,^^^^^ C [AR)* = 1 + G*. Then u = R*A*j, ^^^u - G*u for u e V{A^^^.J yields 

u e H'^r'^iB, E) by TheoremEIHl 

In general, we have ellipticity with respect to 7 -I- /i -I- e for any sufficiently small e > 0. If we now 
denote by A the unbounded operator in T-L^''^^'^{p,E) acting as A on the domain C°°'°°(D, 
the previous step shows that 

{u e n';r'-'^{Ji,E)^ \ a'u g ny^-'{B,E)} = 

By the definition of the domain of the adjoint, it is clear that 'D{A^ ^^^^J C T>{A'^ ^^^^). Passing to 
the intersection over all e, we obtain 

^(^T,min) c n^{u G n>;r'-^B,E)f \ a'u g H°r^-^(D,i?)} n h';;-'{d,e). 

Now let u be an element of the right-hand side. As shown in Corollary 16.31 the adjoint prob- 
/A*\ 

lem ( j elliptic with respect to —7 — e for small e. From the inclusion Hp, ' '^(D, i?) C 
T^l'^^^^^'i'O^E), cf. DefinitionESl and elliptic regularity, cf. Theorem OSlb), we obtain 

(4.6) u G H';;7"'(D,s) = n H''r''''+^'\B,E)(s£p{M+ X X) c H';r^(B,s) + £p(M+ x x) 

for some asymptotic type P = {{p,m, M)} G As(X; — 7 — e,^). Since u G Hp'r^ {^]>, E) we must 
have Rep < + j hi all {p, m, M) G P, and therefore u G Hp"^(ID), E). □ 
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From (|4.2|) and (|4.4|) we conclude: 

Corollary 4.6. {Au,v)^o.o^jj^j^^ = {u,A*v)^o,o^g j^^ forallu e H!^-'^+''{B,E)t, v e H'^r'^On),E)f. 
Identity II4.6|I applied to A shows the following: 

Corollary 4.7. There exists an e > such that P(AT,max) C '^^•'^+^(1D), £')t. 

Theorem 4.8. As unbounded operators inUP^, '^{Ji^E) and Ti.p'^{B), E), respectively, we have 

^T,max = (^*)f ,min' ^T.max = 

where T is the adjoint boundary condition of Definition VS.l^ 

Proof. It is enough to prove the second identity, since the first follows from passing to the 
adjoints. To do so, note that 'D{{A*)~, ^.^) is given by 

\^u€H°p"'{B,E) \3v eH°'''{B,E) V u; G C°°'°°(D, S)^; : {w,v)o,o = {A*w,u)o,o} , 
and that Green's formula for the formal adjoint A* reads as 

u)o^o - (w, Au)o^o = (-21* pw, gu), 

with (•, •)o,o and (•, •) denoting the scalar product of 'H2'°(J^, E) and S2'°(B, E^), respectively. 

Now let u e m^'^iB, E) be given and w £ C°°'°°(ID), E)f be arbitrary. 

Using 21 = %{CS + CfS!) and setting D = diag(l, t"\ . . . , we can write 

21*61 = DS!C%^Dg + DS'*(y%*Dg = DS^&^Dg + DS^^I^'f. 

This yields 

(4.7) (-21* pw, gu) = -{DS!C%'Dgw, gu) = -{C%*Dgw, Tu). 

Thus if Tu = 0, i.e. u £ I?(AT,max), the right-hand side equals zero and together with the above 
Green's formula we obtain u £ T>((A*)* ) and At max C (A*)* 

^T,miii' ' ^ ^T,min 

By Theorem ESI we know that {A% . = A« , where T = ^Dg with 5 = -I''C!% is the 

I ,min T.max 

adjoint boundary condition to T, obtained via Proposition 13.71 Thus, for u £ T>{{A*)'~, . ) C 
n!^''^{B, E), it follows from Green's formula and iflTjl that 

(DowMCTu) = {C%^Dgw,Tu) = 

for all w e C°°'°°(]ri), E)f. Using CS + C'S' = 1, we write Dgw = Cfw + C'S! Dgw. Since fw = 
and by surjectivity of S_'Dg, we conclude that C'^ %C Tu = 0. Multiplying this equation with 5'* 
and using C'l' = 1 - and 5* = 2tC:7>< yields 

However, (C C') is bijective by construction and 21 is, since is non-characteristic. In particular, 
it follows that Tu = 0, and therefore (A^)*- C At max- □ 
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4.2. Predholm property and description of the minimal domain. Let (tq /cq) denote 
the inverted conormal symbol of (^] ■ If {R is the parametrix from Proposition 13. 31 fwith 7 



replaced by 7 + /i — e) and P denotes the projection from (|3.14() . we define 

(4.8) B = Pujop1j''''^^{ro)t''ujo + P{l-uj)R{l-uJi). 

Here, uj,ujq,uji are cut-off functions with lui ~< lu ^ luq, and < e < 1 is chosen so small that tq 
has no pole in the strip ^±1 — 7 — /i<Rez< ^^^ii — 7 — + e. This choice guarantees that B as 
an operator on 7Yp'^(D, E) does not depend on the choice of e. 

Lemma 4.9. For given T — Sg define 

To ^ujdiag{l,t-\ . . . ,t-^+i) opM«x(r)) + (1 - oj)T. 

Then the cut-off function uj can be chosen in such a way that Tq is a normal boundary condition, 

T — To ^ tTi for a resulting boundary condition Ti, and ( ^] is ^-elliptic. 

Proof. Since the S^^j, are Fuchs type differential operators of order j — k, we can write 
LvSjk = ujt''-^ op^jial'j^iSjk)) +ujtS}jk 
with Fuchs type operators S_jf. of order j — k. Therefore 

ljS^, t-^ = ut-^ op^j{T^ai-\S.^^)) +LotS]^ t'K 

By definition of the conormal symbol of T it follows that T — Tq = tSig, where S_i ~ S_ji.)j^k- If 
we write Tq — SqQ with S^q = {S^i;)j-k then, by construction, 

iSfcfc ~ ^tk = S^fefc , < fc < /i. 

If UJ is supported sufficiently close to t = we see that with also S^^j, is surjective. 

By construction the rescaled symbols of (^j^ ^^"^ (^2^) coincide, and are invertible in case of 

ellipticity. Then also the (not rescaled) symbols are invertible for small t, say t < e (recall that one 
defines the rescaled symbols by a limit procedure). Replacing w by an a; ^ a; with support [0,e], 

we obtain invertibility of the symbols of [ ) for t < e. For t > e they coincide with the symbols 

of ^ ' hence are invertible there. □ 

Lemma 4.10. Let T and Tq be as in the previous Lemma [4.9l and let P be any projection associated 
to T by H3.14|l . Then we can choose a projection Pq associated with Tq such that 

(4.9) P-Pq: 'Hl'''{0, E) — > H;'''+^(B, E) 
for any 76 R, l<p<oo and s > /i — 1 + i . 

Proof. To prove this statement we need to have a closer look at the construction of P and 
Pq, which relies on Proposition 13. 71 We write P — Pq — lu{P — Pq) + (1 — ti;)(P — Pq) for a cut-off 
function ui. The second summand trivially has the desired mapping property. We rewrite the first 
as 

Zj{P - Pq) = Zj{KCT - KCqTq) = uK{C{T - Tq) + {C - Cq)Tq) ^ZoKtCTi +uKtCiTQ 

with C — t^^Ct, Ti as in Lemma 14.91 and Ci — i^^(Co — C). We conclude from Lemma 13.41 
and H2.9|l that the first summand has the mapping property in l|4.9|l and focus on the second. 

Write To — Sqq and Ti = Sig as in the proof of Lemma 14.91 Let (C C') = ( ^/ ) and 



26 S. CORIASCO, E. SCHROHE, AND J. SEILER 

(Cq Cq) — (^''^ Proposition 13.71 Now assume the existence of a bundle morphism 

S!i = diag(S;Jo, . . . ,5;^'- 1,^-1 ) such that 

5\ ^^o^_.^^i 



Multiplying this equation from the left with (C C') and with (Cq Cq) from the right yields 
{C^ -C Co - C') = {CtS^Oo + C^tg^Oo CtgC^ + C^tgC^o) 

so that — — C) is a left lower triangular matrix of Fuchs type differential operators of 

order j — k a,t position (j, k). Multiplying from the left with diag(l, . . . , t^^^-^) we obtain Ci and 
conclude that uj KWiTq has the mapping property in 14.9|l . 

Thus it remains to verify H4.1()|l . To this end fix a < A; < /i and let s' be a projector onto 
E' := ker By construction of S_q, the bundle :— ker 5o j-j. is constant in t near the singularity 
(i.e. the fibre at {t,x) only depends on x), and E'q coincides with £" in t = 0. Thus, if Sg j_ is the 
orthogonal projection onto Eq, also 

So :=cjs'(0, •) + (1 -w)so _L 

is a projection onto E'^^ (note that convex combinations of projections having the same image again 
are projections). Obviously, s' — Sq = ^^i for a resulting s'j^. □ 

Theorem 4.11. If B is as in then B : H^^'''{B,E) V{AT.min)- 

Proof. Since P(l - Lo)R{l - LUi) maps to Wp'°°{B,E)T by Lemma EHi), it remains to 
analyze the first summand in 1)4. 8|l . which we now denote by Bi. By construction, Bi maps 
into n 'HI^'^+''-^{B,E)t. Next we shall show that Bi maps into the domain of AT,ma.x, i-e. 

ABu e n°^'^{B, E) whenever u £ H°''>'(ID), E). 

Since, near t — 0, A — op^j((Tj|'_f (A)) = tAi for a Fuchs type differential operator Ai of order 
/i, it suffices to show that 

t-''opM(a^f(A))(5i?iu e nl^^{0,E) 

for some cut-off function uj. Since T = diag(l,i^^, . . . , t^''+^)opj(j(CT^^(r)) + tTi near t = for 
another boundary condition Ti and since a^j{T)rQ = 0, we obtain 

i;rLop];^-^-^(ro)t^^owU VBr'"^'^+^+'"""'"^B,Ffe) Ve>0 

V / fc=0 

for any u G Ti^''' (O, E) and any cut-off function uj with uj ^ uj. Thus, by Lemma l3.9l iii). 

UJ Flu opj^j " [ro) v ujqu = ui op^j (ro j r ujou 

modulo 7Y^''''+'^(D, i?). Therefore, if uj,u!2 are cut-off functions supported sufficiently close to zero 

with UJ2 ^ LO, 

r'' opM«f (v4)) LjBiu = t-'' opj,,(a5(^(A)) op]+^"'"^ (ro) t'^ c^o" 

= uj2(^QU+{l-uj2)t^^opj^j{a'^j{A))ujop1'^'' " ~(ro)t''tJow = 

modulo Hp''''(D, _E). We used that a'^j{A)ro — 1. This shows, as claimed, that im_Bi C I?(AT,max)- 

Now let u e n°''^{B, E) and / e 2?((A*)f ^„,ax)- Since then / e 'Hp"^+''(]D), E;)^^ for some 5 > by 
Corollarv l4.7l we have 

with u := ABiu e 7ip''''(D, _E). Here, we used Corollary 14.61 (with 7 replaced by 7 — 5). Thus 
im Si C P((A*)1 ^^^^) = P(AT,min) by TheoremUni □ 
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Theorem 4.12. (|4.2|l can be improved to 

where uj is an arbitrary cut-off function. 

Proof. That the second identity holds is already contained in the previous proof. The in- 
dependence of the choice of uj is clear. Now let u belong to the right-hand side. If UJ2 -< w, then 
uj2Tu)u — implies LO2PLOU — L02U G C°°'°°(D, i?) by Lemma [3.9l ii). If Pq denotes the projection 
from Lemma [4. 101 then (P — Pq)u)u G E). By Remark 13.51 we may assume that Pqwm is 

supported arbitrarily near to the tip. Therefore 

t-^'oVMKi{A))Po^u = t-^o^t,i{alj{A)){u2U+{l-uj2)PII)u) = 

modulo 7^°'T(D, E) and, if B is as in (031, then 

P r ^ op^,, {al, {A))Po^u^Pu; op]+^"'" * (ro<, ( A) ) Po 5 m = P 2 u + P(Po - P) u. 

The last equality holds, since rQa'^i{A) = 1 — k^a'^jlT) and 0P]^j{(t'^,j{T})Pquj = TqPquj — 0. Since 
P vanishes under T and by Lemma Ol P(Po - P) wu belongs to •H^'''+^(B, P)t C P(AT,min)- 
Then 

U^PU = PUJU + P(l -Uj)ue ViAr^min), 

since P(l -^)ue H^'°°{'D, E)t. □ 
Theorem 4.13. Both minimal and maximal extension are Fredholm operators. 

Proof. Let B as in H4.8|l . Since B maps into the domain of AT,min, we have ^T,min/max^ = AB 
on H0'''(]D),P). Write 

(4.11) AB = AP UJ 0^1^^'^'"^ {rn)t^' ujQ + AP [1 - uj) R{1 -uoi). 

Let W3 ^ W4 ^ w. Then, if [•, •] denotes the commutator, 

[AP, 1 - Cj] = W3[W, AP]W4 + (1 - CJ3)[W, AP](1 - W2) + W3[t^,^-P](l - ^^4) + (1 - L0'i)[uj,AP]L02. 

The first summand vanishes, the second is an operator of order — 1 located away from the 
singularity, the third and fourth map into C°°'°°(D,P) by Lemma r3.9l i'l and the locality of A. In 
particular, [^P, tj] G /C, the compact operators in Hp'^(D,P). Using that PR = R and that R 
inverts A up to a Green remainder, we obtain 

AP{\~uj)R{l-uji) = l-uj modulo /C. 

To treat the first summand in (|4.11() . note that, if lo is chosen to be supported sufficiently close to 
zero, then each of the operators Plj, Pquj, ujP, and ujPq can be assumed to be located arbitrarily 
close to the singularity, cf. Remark 13. 51 In view of the compactness of the commutator above, we 
get 

APu op]/'^"""^ (ro) t^LJo = i^APo oplp'-'-^{ro) ujo + lu A {P ~ Po) op],;^"'"^ (ro) t^ 

modulo /C. In the first term, Pq can be dropped, since op]^.j{a'^.j{T))op1^'^ ^ ^ [ro] — 0. Writing 
A = op J^.l{a'^J (A)) + tAi near t = for a /i-th order Fuchs type operator Ai, 

AB = l+ujt Aiop]+""''"* (ro) f'oJo + ojAiP- Pq) op]+^"''"* (ro) =: 1 + C 

modulo /C. Due to the presence of the i-factor and Lemma [4.101 ||C||£(fYO.T(D e)) < ^ if is located 
sufficiently close to (since the sup-norm of tuj tends to zero if the support of uj does) , and 1 -I- C is 
invcrtible. Altogether, we found a B^ such that ^T,min/max^-R = 1 + Cr for a Cr G /C. This yields 
that im At „ji„/jjjax is finite codimensional, since the image of the Fredholm operator 1 -I- Cr is. 
Analogously one can construct a right-inverse modulo compact operators for A'i^ . ^ . Passing 
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to the adjoint yields a such that -BL^T.min/max ~ 1 + on Z^(^T.min/max) with a Cl G /C. 
This shows that ker jj^j^/jj^ax is finite dimensional, since the kernel of 1 + Cl is. □ 

We conclude this section with an observation that will have some importance in describing the 
maximal domain. 

Lemma 4.14. Let T and Tq be as in Lemma 14.91 and P , Pq be as in Lemma I4.10L Let < S < 1. 
Then Pq induces an isomorphism 

2?(^T,max) n H^'^+''-*'(B, E) /P(AT,„,in) ^ 2?(^To,max) H E) /p(ATo,min). 

Its inverse is induced by P. 

Proof. We use the description of minimal domains established in Theorem 14.121 If -a G 
2?(AT.mi„), then Pqu G H m^^+i'-^B, E)to by |XT1| . Moreover, APqu = Au + A{Po - P)u G 

e>0 ^ 

Hp''^{II>, E), since Pu — u and by Lemma Pf.lOl Thus Pq : ^(^T.min) ^^(^To.min) and, analogously 
P : 2?(ATo,min) ^ 'D(AT,„,in)- If M G X'(AT,max) H (B, L^) the same argument shows that 

Pqu G I?(ATo,max) H (B, L;). Similarly for P. Hence the maps [u] ^ [Pou] and [u] ^ [Pv] 

are well-defined. Moreover, 

[PPom] = [P^u + P(Po - P)u] - M, 
since P^^ ^ ^ ^nd P(Po - P)u G 'H^^^'^'+^'{^3, E)t by Lemma ElHI Analogously, [PoP?^! = 



□ 



5. The maximal extension 



In this section we shall discuss the maximal extension of the operator A in (|4.1(l . As before we 
shall assume normality and B-ellipticity. Let Tq be as in Lemma [4.91 and define 

(5.1) Ao ^c^i-'^op^.K.lA)) + {l-Lo)A. 

Then A — Aq = tAi with a Fuchs type differential operator Ai of order fi. Arguing as in the proof 

of Lemma [4. 91 we see that the function cu can be chosen in such a way that both ( ^ ) and [ 

are B-elliptic. Observe that both Aq and Tq have t-independent coefficients near t = 0. We choose 
projections P and Pq for T and Tq as in Lemma [4. 101 

5.1. A class of smoothing operators. Let us recall basic properties of operators of the 
form 

G^iu (opXr^M - op]r^ W) : CZnp{^+ X X,Eq) C°°(int B, i?), 

where 71 < 72 and r G Mq'^{X; Eq; Eq) + AIp°°''^ {X ; Eq; Eq) is a meromorphic Mellin symbol of 
type with asymptotic type P as described in Section [3 An analysis of such operators for closed 
X can be found in |12j : the results in the present case with boundary are completely analogous. 
Let 

rip 

Y: Rpk{z ~ p)-^''+'\ Rpk eNpC B-'^-^x-Eq-Eq), 

denote the principal part of r around p for (p, n^, Np) G P. The Rpk have finite rank by definition. 
Thus, also each of the mappings 

Cp : ® C°^{X,Eq) © C°°{X,Eq) 

j=a k=Q 

defined by the left-upper triangular block-matrix (c^fe)o<j,fc<np with c^j, = Rp j^^ if j + k < rip 

and c^j, = otherwise, is of finite rank. Let us set M{r,p) rankCp and M{r,p) = if r is 
holomorphic in p. 
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Proposition 5.1. If G is as above, then G is of finite rank and, for each u G C^^p(M+ x X,Eq), 

rip 

{Gu){t,x)^Lo{t) Y: E Cp/(")(a;)t~^(logt)' 

{p,nj,,Np)eP 1=0 
~72<Rcp— ^i^<— 71 

with the linear maps Qpi : C^j,jp(]R+ x X,Eq) im Rpi + . . . + imi?p„p C C°°{X, Eq) given by 

rip (~iy d^^^ 

where M. — M.t^z denotes the Mellin transform. The rank is 

rankG= M{r,z). 

— 72<Ro 2— <— 71 

Note that G only depends on the meromorphic structure of r; a change by a holomorphic symbol 
leaves G invariant. Changing the domain of G to be (R+ x X, Eq) D H^-'''^ (M+ x X, Eq) does 
not alter the image. 



inverted conormal symbol of ( ^ ) and thus of 



5.2. The maximal domain in case of i-independent coefficients. Let (tq feg) be the 

and thus of ^ ■ 

Proposition 5.2. Let e > be so small that rg has no pole in the strips —7 — /i < Rez — ^^il < 
—7 — ^ + £ and —7 — e <Rez — < —7. Define 

Go = c {op]f -^(ro) - op];'^-^-^(ro)} 

for an arbitrary fixed cut-off function uj. Then 

a) ImPoGo n H^^''+^"*(D, £;) {0}, if 6 > is sufficiently small. Moreover, imPoGo C 

I)((ylo)Tn,max) and 

rankPo Gq = rankGo = Y, M{ro, z). 

— 7— /j<R.c z — iii < — 7 

b) P((Ao)T„,max) =2?((Ao)T„,min)®nilPoGo. 



Proof, a) Since a-'^j{To)ro — and Tq is a differential operator with t-independent coefficients, 
ToGqu = near t = for u e C;^jj^p(M+ x X,Eo). By Lemma K^i). PqGqu = Gqu modulo 
C°°'°°(D, E). Hence also AqPoGqu G C°°'°°(D, E), since ^oGqu = near t = 0. Moreover, since the 
image of Go has trivial intersection with Ti.l^'''^^~^ {^]), E) for small S > hy Proposition 15.11 we 
conclude that also imPpGo has trivial intersection and that the two ranks coincide, 
b) The directness of the sum and the inclusion 'd' follow from a). So let u G 2?((^o)To,max) and 
let Uo be a cut-off function with loq -< w. Then Po(l - ujo)u G 'H^'°°(D, i?) by CoroUarv lO and 
Lemma m^ i^. Hence Poujqu — u~ Po(1 — o^o)" G Z5((^o)To,max), and thus ^qPoo^ou G Hp '•'(B, E). 
As ^0 has i-independent coefficients and Pqujqu is supported close to the singularity, we can write 

Pqujqu^ Pqu op],^" ^ (ro) t^" Aq Pq ujo u 

= Pou; op]+^""" ^ (ro ) (t^ ^0 ^0 u) + Pq Go (t^ Ao Po luq u) , 



which is in V{{Ao)To,min) © imPo Go by Theorem ICTl 



□ 
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5.3. On the index of the minimal and the maximal extension. 

Lemma 5.3. For sufficiently small e > 0, 

2?(AT,max) n E) = V{AT,min)- 

Proof. The identity A - Aq = tAi implies that 

2?(ATo,max) H H^'^+'^-'iB, E) = P((Ao)To,max) H E) , < £ < 1. 

For small e, Proposition 15.21 implies that the right hand side equals 2?((Ao)To,min) which in turn 
equals VlATo^min) by Theorem 14.121 Now the assertion follows from Lemma [4. 141 □ 

The next proposition says that for considerations of the index one may assume that ( ^ ) is elliptic 



with respect to 7 + /i, and thus the domain of AT,min coincides with the space H^^'''+^(D, i?)^. 
This observation was made in (3] for operators on conic manifolds without boundary. 

Proposition 5.4. Let 5 > Q and let A denote the unbounded operator 

C'^'°°{B,E)t C n^p'^^^iB^E) — > n'^p''-\TD>,E), 

given by the action of A. Both AT^min and AT.min o.i'e Fredholm operators according to Theorem 
14.131 Moreover, their indices coincide, provided S is small enough. 

Proof. By Theorem [4. 121 ker AT,min C kerAT,min- If w e kei At, min, then 

U e I?(AT,,„ax) n H^'^+''-*(B, E) = 2?(AT,mi„) 

for small S according to Lemma 15.31 Thus hei At, min — kerAr^min. Taking adjoints of the min- 
imal extensions leads to A*~ and A'^- acting as unbounded operators in 7i"; '(B),E) and 

T,inax T,max p \ ^ / 

^o,-7+i5(-p^ respectively, by Theorem|i31 Obviously ker A% C ker A% . By CoroUarvIO 
the reverse inclusion also holds for small 6. Hence indAT,min = dim ker A^.tnin — dim ker j^jj^ = 

indAT,min- □ 

Theorem 5.5. ind (Ao)To,min = indAT.min- 

Proof. In view of Proposition l5.4l we may assume ellipticity with respect to j+H- By Theorem 
17.31 of the Appendix, the statement is equivalent to ind fj-j — iiid Cj^j- However, (j^j 



can be connected by a homotopy through elliptic elements, hence have the same index: In 



Ao' 

fact, \i A = t ^ op^^(ft,) near t — 0, let he{t, z) — h{et, z) and set 

A,=uJt~^'o]iM{he) + {'^-i^)A, 0<£<1, 
with uj supported sufficiently close to 0. Similarly we define T^. □ 

Corollary 5.6. The domain of the maximal extension differs from the domain of the minimal 
extension by a finite- dimensional space. More precisely, 

dimP(AT,max)/l?(AT,min) =dimP((Ao)To,max)/2?((Ao)To,min) = E M(ro,z). 

— ^ — /j<Ro 2:— Iiii<— 7 

Proof. Let l : V{AT,min) > 2?(^T,max) denote the inclusion, so that A-r.min = ^T.maxt- By 
Theorem 14.131 t is a Fredholm operator, and 

dim2?(ylT,max) / ^'(^T.min) = -iudt = ind ^T.max - ind AT,min = -ind {A^)f - ind ^T.min, 
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where the last identity fohows from Theorem 14.81 Next we observe that the adjoint boundary 
condition (To)~can be constructed in such a way that it coincides with (T)o near t = 0. From 
Theorem 15^ we obtain 



dimP(y4T,max) / 2?(^T,min) = -md (^o)f^ " ind (^o)To,min 

^ diniP((ylo)To,max) / I'((^o)To,min), 

and the assertion foUows from Proposition 15. 21 □ 

5.4. Lower order conormal symbols. In order to describe the maximal domain for oper- 
ators with i-dependent coefficients we have to take into account the first fi Taylor coefficients of 
the McUin symbols of A and T at i = 0. Writing A as in Hl.l|l . we let 

- 4 E e M-°(X, Eo), J = 0, . . . , ^ - 1, 



SO that, near t = , 



(5.2) A^t-^j:fopMifi)+t''A^ 

with a Fuchs type differential operator of order /i. Similarly, writing the boundary condition 
T = Sg near t = in the form T = diag(l,t^^, . . . , op^j(s)p, we let 

so that, near t = 0, 

(5.3) T = diag(l, t-\ . . . , i-^+i) J2 op^,(s,) + T^. 

3=0 

with a resulting boundary condition Tn. We then call 



the conormal symbol of order fi — j 



j = 0, . . . 1, 



5.5. Description of the maximal domain. Following the method developed in 20 for 
the boundaryless case, we define recursively (rj kj^, < j < /i, by 



So 



Recall that T'' denotes the operator of shifting the argument by k, i.e. {T^g){z) — g{z + k). These 
equations are equivalent to 



with the Kronecker symbol Sji^. Written componentwise, we particularly obtain 

I I 
(5.4) Yl T-^fi-j T, = Soi, E T-^si^j rj=0 \/0<l<fi. 

3=0 j=0 
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Definition 5.7. We define the operators Gk ^ J2 Gki : C^,np{R+ x X,Eq) — > C°°-'y{D,E), 

1=0 

< k < ^, by 

Goo \^Vm (^o) - opj^^ (ro) J , 

and, ifl<k<^ — 1 and < I < k, 

Gu ^Luf [opIj Hri)- oplj " {ri) j . 

Here, u is an arbitrary fixed cut-off function. Moreover, e > is fixed and so small that for each 
pole p of one of the symbols ro, . . . , — 1 all the distances \ M + i ~ Repj, j = 0, . . . , /i — 1, 

are either zero or > e. 

Note that, by construction, Gu maps into C°°'T+^-'=+'-i+^(D, ^ C°°^^+''{'B,E). 
Lemma 5.8. For fc = . . . , /i — 1, 

AiimGfc — >C°^^^+^{I]),E), T-AmGk — > V C°°^^+^+"-^'~5 (1, 

Proof. Let u G C^njp(M+ x X, Eq). Writing A as in 15. 2|) and using the mapping properties 
of the Gki, we see that AGtu G C°°^t+^(D, E) if and only if 

^ j:i:t'op,,{f,)Gkiu e c°°'^+^+-(©,i?) 

i=0 1=0 

for every cut-off function uj. Choosing uj with uj ^ lo, inserting the definition of Gki and rearranging 
the order of summation, this is equivalent to 

^Et't (opXr+'"'"'~*((r-'/,-Or-i) -opX;^+^-'-*((T-V,-On)) u e c°°^^+^+=(D,i?). 

j=0 1=0 ^ ' 

However, this expression actually equals zero by (|5.4() . For T we argue in the same way, using the 
representation H5.3|l . □ 

Corollary 5.9. Im PGa_. c ^'(vlT.inax) /or fc = 0, . . . , ^ - 1. 

Proof. The mapping property of T in Lemma l5.8l in connection with Lemma l3.9l iiil implies 
that PGfeU = Gfeu modulo C°°''^+^+^(D, £;) for u G C;;^mp(K+ x X,Ea). Therefore APG^u G 
C°°'T+^(D, E) according to Lemma Ol □ 

Definition 5.10. We set £ := imPGo + . . . + imPG^-i c X'(AT,max)- 

f is a finite-dimensional subspace of C°°''''+'^(D, E)t- As in the proof of CoroUar v 15 . 91 we see that 

(5.5) £ + C°°'^+''+-'(B, £;) imGo + . . . + imG^_i + C°°''^+''+-'(ID), E). 

In particular, there exist complex numbers qj, determined from the meromorphic structure of the 
symbols n, with 

n + 1 n + 1 

(5.6) — j-fi<Rcqj<— 7 

such that any element u of £ is of the form 

N Ij 

(5.7) u{t, x) = u{t) E ^A^) t'"' log'^ t mod C°°'^+^+^(]D), E) 

j=0 k=0 

with smooth functions Ujk G C°°{X,Eq). 

In case A = Aq and T = Tq have i- independent coefficients near t — 0, all Gki, ^ > 1, vanish and 
£ = £o = imPouj (op]^^ " ^ (ro) - op],^""^ (ro)) , 



REALIZATIONS OF DIFFERENTIAL OPERATORS ON CONIC MANIFOLDS WITH BOUNDARY 



33 



cf. Proposition 15.21 In particular, we have twice strict inequality '<' in H5.6|l . In general, equality 
in H5.(j|l is possible. 

Proposition 5.11. The dimension of £ can he estimated by 

dim £ > dim £o = dim imo; (opj^^ ^ {tq) — op]|^^ ^ ^ (''o)^ • 

Moreover, there exists a subspace of £ which has the same dimension as £q and has trivial inter- 
section with I?(AT,min)- 

Proof. Proposition 15.21 shows the identity for dim £q. For < k < fi pick u^i, . . . , Ufc„^ G 
^comp(^+ ^ ^o) in such a way that {GkoUkj \ 1 < j < nk} is a basis of imG^o. Then rti + . . . + 
n^_i = dim £q. We shall show that 

{PGkUkj \ < k < fi, 1 < j <nk} C £ 

is a set of linearly independent functions with 

span{FGfcUfcj | < /c < ^i, 1 < J < n^} n P(v4T.mi„) = {0} : 

Let ajk eCand J2 E a,kPGkUkj e P(^T,min). Since PGkUk, = GkUtj modulo C°°''^+''(D, S), 

k=Oj=l 

cf. the proof of Corollary 15. 91 we obtain that 
Setting I = fi — 1, we conclude that 

Til l~l rik ni 

o^jiGiouij = u - Y Yl oijkGkUkj ~ Y oiki{Gi - Giq)uij. 

j=l k=Qj=l j=l 

Now the right-hand side belongs to H°''^+^"''(ID), + H°'''+^+^(D, E) which has trivial intersection 
with imGio- Hence the left hand side is zero, and aji — for all 1 < j < ri/, since the Giouij are 
linearly independent by assumption. Taking I — /i— 2, . . . , 0, we see that all ajk must equal zero. □ 

Theorem 5.12. With £ from Definition \b. Wi the domain of the maximal extension is 

2?(^T,max) =2?(^T,min)+£. 

The sum is direct at least in the cases where A has t-independent coefficients near t = or rg has 
no pole on the line Rez = ^2±i _ ^ _ ^_ /^j afiy case, 

ViAr.Mn) n £ C imPc. (op];^"""^ (ro) - op];^+^-^ (rp)) . 

Proof. By CorollaryEl dim V{At, m.^) /V{At, min) = dim £o. Thus P(AT,max) = 2?(AT,min)+ 
£ by Proposition 15. Ill If A has i-independent coefRcients near t — 0, the intersection of 'D{Anun) 
and £ — £o is zero by Proposition 15 . 2h ) . 

In order to see that the sum is also direct if ro has no pole on the line in question, suppose that 
u G 2?(AT,min) and u = Pv with v € imGo + . . . + imG^_i, cf. Definition 15.101 We can write 

N Ij 

V = uj{t) Y E Ujk{x)t-''^ log'^i with qj satisfying (EH). Since u~v G C°°'^+^+''(D, S), cf. the 

j=0 k=0 

proof of Corollary Ol we have v e 71'^''^+''-^ {D, E) for all 5 > and Av e n^''^{D,E). The first 
property of v implies that Reg^ = (n + l)/2 — 7 — /i for all qj. Now A maps w to a function with 
a similar structure, where t has exponents —qj +1, I G Nq. Noting that Lijt~P^ log'^t G C°°'^ if and 
only if Repj < (n + l)/2 — 7, we conclude from the second property that Av g C°°''^"'"*(D, E) for 
all 6 <1. Moreover, Pqv = Pqu ^ u + (Pq - P)u = v modulo ^^■'^+^+^(0, £;) by g^. We next 
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use the facts that we may assume Pqv to be supported near the singularity by Remark 13.51 and 
that tq/o + fco^o — 1 smd opj^.j{sq)Pov — TqPqv — 0. This imphes that 

(5.8) V = Pqv = ujop]'^^ " ~{rQfo + koSo)Pov = ojoj)Ij'' " ^ (ro)opj,j(/o)Po-y 

modulo HI^''^~^'^^^{Ili, E) with a suitable cut-off function w. Now u := opj^.j{fo)Pov = opj^j{fo)v — 
fAov modulo H°''^+''+^B, E). Moreover, Aqv e C°°''^+^(D,E), since Av G C°°''^+^ (D, E), S < 1, 
and A-Aq gains a factor t. Thus u G (B, £;) and with if^ 

v-u;[op]^.j ^(roj-opj^^ - (ro)J u = tjop^^ " (ro)u = 

modulo Ti.l^'^^'^'^^i^, E) (note that changing w to w induces only a remainder in C^^p{B, E)). By 
the structure of the left-hand side, this is only possible if the left-hand side equals 0. This finishes 
the proof. □ 

Remark 5.13. If £ = sj>an{PGkUi^j |0<fc</i, l<j< Uk}, as constructed in the proof of 
Provosition \b. ll[ then T>{AT,ma.x) = ^5(^T,min) ffi £■ 

6. Ellipticity of the adjoint problem 

Let A—^~^ denote the adjoint problem to ^ = (^j^ j Definition 13. 121 

Proposition 6.1. If A is ^-elliptic then so is A. 

Proof. Clearly with cr^(^) and cr^(-4) also u'^{A) and cr^(^) are invertible ( note that these 
symbols only involve the differential operators A and A*, and not the boundary conditions). The 
fact that invertibility of o'q{A) implies that of o-g{A) is proven in 0, Theorem 1.6.9. This proof 
passes over to the rescaled boundary symbols. □ 

Our next goal is to show that ellipticity of A with respect to 7 G M in the sense of Definition 13.11 
implies ellipticity of the adjoint problem with respect to —7 -I- fi. According to Proposition l6 . II and 
Proposition 13 . 21 reduces to a question on the invertibility of the conormal symbol. We shall show: 

Proposition 6.2. The conormal symbol of the adjoint problem satisfies 

2 G C. 



The statement contains some notation we shall now explain: For each fixed z, (t^^(A)(z) is a 
differential operator on X; (t^,^(A)*(2) denotes its formal adjoint. Moreover ^^M^lj-jl^j^ ^ 

boundary value problem on the smooth manifold X; a'^j(T)~(z) denotes the adjoint boundary 
condition in the sense of [S]- Note that a'^{T){z) is a normal boundary condition: The entries 5^,^ 
in (|3.3|l are Fuchs type operators of order zero so that the Mellin symbol - just like the operator 
- is simply multiplication by the surjective morphism 5^,^. 

If one goes through the construction (Proposition 1.3.2, Lemma 1.6.1, (1.6.26) in j5, and Proposition 
13.81 Theorem l3.11l Definition 13 . 1 21 in this paper) one finds that 

a5(,(T)~=/><((7M(2l)aM(e'))*, 

where 

<Jm{C:) = (r'^^l7'=(C;,))o<,,fc<^, cTMm = {T''atp-'-\^,k))o<j,k<,. 

Now the proof is a purely algebraic calculation, using the rules for computing conormal symbols 
of formally adjoint operators, cf. | 19 |. Here are the details: 
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For abbreviation let us write f{n — z)* and (2;) '■— f{n + 1 — z)*. We have 

f = /x(ac")* = (|,,kfediag(i,i-\ . . . ,r^+i), s^, = Ee;!^-,-i2tL- 

Therefore, auif) = {T^ (jifilju)) ^^^^^ 



On the other hand, using J*^*^ — T~^/[*l, we obtain 

Hence <TM{T)~{n + 1 — z) = (Jm{T){z — fi), and this proves Proposition 16.21 

Corollary 6.3. If A is elliptic with respect to 7 then the adjoint problem is elliptic with respect 
to —7 + fl. 

Proof. D-eUipticity of A is shown in Proposition 16. II By assumption, aM{A){z) is invertible 
whenever Rez = — 7. This is equivalent, by Corollarv l7.2l to the invertibility of 

aM{A)iz) : ffp^(X,i;o),„(T)(.) C Lp{X,Eo) ^ Lp{X,Eo). 

Thus also the adjoint of this operator is invertible. But this adjoint is just given by 

aM{A){zY : H^,{X,Eo)a,,(T)(zr^ W{X,E^) Lp>iX,Eo). 

Equivalently, ( /^^~) (z) is invertible whenever Rez = — 7. Then, due to Proposition 16. 21 



\<tm{TT 

also aM{A)(n + 1 — /i — z) is invertible. This gives the assertion, since Re (n + 1 — /i — z) = 
+ 7 - M- □ 



Let E, F, H be vector spaces and A= [^ \ ■ H — > be a linear map. We shall recall here a few 



7. Appendix: A theorem on Predholm operators 

E 

\ ■ fj ^ 

known results relating the invertibility and Fredholm property of A to that of the induced operator 
At : kerT E defined by the action of A. Being a Fredholm operator in this context just means 
that the dimension of the kernel and the codimcnsion of the image are finite. Clearly, 

(7.1) ker^ = ker A n kerT = ker At. 

Lemma 7.1. A is surjective if and only if At is surjective and T : H ~* F is surjective. 

Proof. Surjectivity of A implies that of At and T, since E (B and (B F are contained 
in the image of A. Vice versa, if e ® / is given, there exists a ui with Tui = /, and a U2 with 
AtU2 = e — Aui. Then Au = e ® / for u := Ui + U2- D 

Together with (|7.1() we at once obtain the following corollary: 

Corollary 7.2. A is invertible if and only if At is invertible and T : H F is surjective. 
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Theorem 7.3. A is a Fredholm operator if and only if Ax is a Fredholm operator and the image 
of T has finite codimension in F. In this case, 

ind A = ind At — codim im T. 

Proof, i) Without loss of generality, we may assume that T is surjective. In fact, if = 
im T © Fq we pass to given by the action of ^ on 7? but mapping to E (B'lm. T. Then obviously 
^ is a Fredholm operator if and only if Fq is finite dimensional and is Fredholm. Then ind = 
ind A + dim Fq , and it suffices to show that ind = ind At ■ 

ii) Let us assume that ^ is a Fredholm operator. Let ei © /i, . . . , © be a basis of a complement 
to im^. If we define 

k k 

K — > E, Q-^^ — >E,c^Y. /j, 

^ (a\ ~ ^ 

and set H = H QCJ", A ^ {A K), and T ^ [T Q), then A ( ~ 1 : H — > © is surjective. 

According to Lemma lTTl also A;^ : ker T ^ E\s surjective. If ker T = ker Aj.iS)V then Ay : V E, 
defined by the action of A, is bijective. Let us define the map S by 

H 



5. 



5* = ( : £; 



For an e G ker S2 we then obtain 



■"^S.e^r^! '^M'f^- i\seJ'^ 



ry^'" \T Qj\S2eJ \TI \o 

since S maps into the kernel of T. Thus ker ^2 C im At and therefore 

codim im At < codim ker S2 = dim im ^2 < fc = codim im A. 
Together with IjT.lll this shows that At is a Fredholm operator with ind At > ind A. 
iii) Now let At be a Fredholm operator (and T surjective, cf. i)). Let us write E — im At © Eq 
with a finite dimensional Eq, and H = kerT © V. Then Ty : V F, defined by the action of T, 

is bijective. We define the map 5 by S* : F ^ > V ^ H and set 



^^^l^e + ASf\^ |eeimAT,/GF}. 



Then W C im^, since for e ~ Atu e imA^ and f £ F 

The proof if finished if we can show that the codimension oiW E ® F equals dim i?o , for then 

codim im^ < codim = dimFp = codim mi At] 

this, together with (|7.1|l . yields that ^ is a Fredholm operator with ind .A > ind Ay. We define 

im At im At 
(I TiAS 0\ © © 
R=\q I :F — > F , 

\0 (l-Tr)^^ 1/ © © 

Eq Eq 

where tt denotes the projection in E onto im At along Eq. Then R is Fredholm with index 0, since 
it differs from an invertible operator by a finite rank operator (the latter is the 3 x 3-matix with 
(1 — n)AS as the only non-zero entry). Even more is true: R is invertible, since its kernel is trivial. 
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If a : £' © F = im ® Eq (B F im At (B F(B Eq is the isomorphism given by exchanging the last 
two components, then W = {a^^Ra){imAT ® © F). Hence codim = dim_Eo as desired. □ 

8. Appendix: The parameter-dependent Boutet de Monvel algebra on smooth 

manifolds 

We recall some basic facts about Boutet de Monvel's calculus on smooth manifolds [J. For details 
we refer to [Q, also to |15j . jl6| . |17| for an approach based on operator- valued symbols. In the 
sequel, X is a smooth compact n-dimensional manifold with boundary, s is a real number, and p 
is a real number with 1 < p < oo. 

8.1. Function spaces. The Sobolev space 

if^(R") ^{ue I {oyue 

carries the norm = || (Z?)'' ^[[^.^(K"). A closed subspace is 

H;{RI) = {ue i/;(M") I suppu C 
Restriction of iJp(R") to the half-space K" leads to 

endowed with the quotient norm = inf{||i;||jys(j{n) | r'^v — u}. 

We write for the Besov space i3pp(M"); ^(K") consists of all tempered distributions u 

with finite norm 

Here, (p G ^^^mpC^"^) chosen such that (i) <^(^) > for < |^| < 2 and (f{(,) = otherwise, 

OG OO 

(ii) J2 ^C^^^O = 1 when ^ 0, and (po is given by (foiO = 1 ~ S ^C^'^O- ^ote that 

k— — oQ k—1 

S|(R") = 

Remark 8.1. The L2- scalar product allows an identification of Hp,^{W^) with the dual of Hp{W]_), 
and of Bp,^ {W"') with the dual o/i?p(M"). Here, p' is the dual number to p, i.e. ^ + y = 1. 

Remark 8.2. The trace operator , first defined onC^„-,p(R") hy^ju{x') — {Dl^u){x' ,0), extends 
by continuity to 

o 

Using a partition of unity we then define Hp{X), Hp{X), and Bp(X) for a manifold X (with or 

o 

without boundary), as well as Hp{X,E), Hp{X,E), and Bp{X,E) for a vector bundle E over X. 

8.2. The transmission condition. Let us denote by 2X the double of X (or any smooth 
manifold without boundary which contains A as a submanifold) . With a classical parameter- 
dependent pseudodifferential operator P(r) on 2A we can form P+{t) = r"'"P(T)e+, where r+ 
and e"*" are the operators of restriction to A and extension- by-zero to 2 A, respectively. In general, 
P+{t) does not map the space C°°(A) to itself: when this is true, P{t) is said to satisfy the 
transmission property (cf. '9'). We will assume the so-called (parameter-dependent) transmission 
condition, described in Definition 18.31 below in terms of properties of the local symbols of P. 
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Definition 8.3. A classical parameter- dependent symbol p{x,S^,t) e 5^j(M" xM^;M^) with integer 
order fi lE 1j, such that p P{tJ.-j) "with P{p-j) being positively homogeneous of degree fJ. — j in 

{^iT) for (C, t) ^ 0, has the transmission condition at Xn = if 

(8.1) <^i?^^^,)P(^_,)(x^O,0,0,l,0) = (-l)^--''-l"li^^„i?^5^,)P(^^^^^ Vfc,a. 
Here, we used the splittings x = (x',a;„) and ^ = (CtCu)- 

The difference between tfie transmission condition and the transmission property is that the first 
ensures the transmission property for P on both sides of dX. For a detailed description of the 
transmission condition see, e.g., [5], |6], 

8.3. Parameter-dependent Boutet de Monvel's algebra. The parameter-dependent ver- 
sion of Boutet de Monvel's calculus deals with families of block-matrix operators A — A{t), r G R', 
of the form 

(-) ^'""'-r-', 

where Eo,Ei are vector bundles over X and Fo,Fi are vector bundles over dX (possibly zero- 
dimensional). As described above, P+{t) = r+P(T)e"'", satisfies the transmission condition. G(t) 
is an operator family on X called (parameter- dependent) singular Green operator, arising, in par- 
ticular, in the composition of two block-matrix operators by (PP')+(t) — P+(t)P^(t). Moreover, 
T(t) is a {parameter- dependent) trace operator, K{t) a {parameter- dependent) Poisson operator, 
and Q{t) is a parameter-dependent pseudodifferential operator on dX. 

We now describe the various entries. For simplicity, we switch to the half-space case X = M" (local 
situation) and take all bundles trivial one dimensional. 

Trace operators. A parameter-dependent trace operator of order /i G R and type d G N is a 
family of operators T(r) : C;;^^p(l!;i) -> C°°(R""i), r G R', defined as 

T{r)^Y:S,{T)j,+f{T), 

where 7^ is as in Remark l8.2l Sj{T) is a parameter-dependent pseudodifferential operator on R""-'^ 
of order fi — j and T(t) is an operator family of the form 

{f{T)u){x')^ [ [ e'-'^'t{x',Xn,(,',T){T,,^^,u){i',x^)dxndi', 



where t is in iS(R+) as a function of a;„ and satisfies 

i{x',x^,i',T) = [C',T]5i(2;',^',r; K',r]a;„) 

with 

t{x',i',T-xn) G S'rMRL'r' X K^r^R^)§.5(R+). 

Here, [ • ] denotes a smooth positive function with [ • ] — | ■ | outside a neighborhood of the origin. 
Note that this structure implies the estimates 

for every choice of the indices I, V , a, (3 with a resulting constant c. The principal boundary symbol 
of T, _ 

a^{T){x',e,T):S{R+)^C, 

defined for {Ct) 7^ 0, is given by 

u^E^';~\S,){x',e,r)j,u+\{e,T)\-^ / a';-'^t){x',e,r;\{e,T)\x,M^^)dxn. 
j=0 Jo 
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Here, ct™ denotes the usual homogeneous principal symbol of order m and "fj acts on functions on 
M+. With these choices, it turns out that any operator of the form T{t) = 7oP+(r) is a parameter- 
dependent trace operator if P satisfies the transmission condition. 

Poisson operators. A parameter-dependent Poisson operator of order e M is of the form 

{K{T)v){x',Xn) = / e"'^'k{x', Xn,^', r)t)(C')^?', 



where k has the same structure as t above, but with jj, — 1 in place of /j,. The principal boundary 
symbol, defined for (^',t) ^ 0, is 

a^^{K){x',^',T) : C 5(R+), a ^ K^', r)| ^a^;-^ C', r, |(C',t)| 

Singular Green operators. A parameter-dependent singular Green operator of order /i e M and 
type d e No is a family 

with parameter-dependent Poisson operators Kj(T) of order — j, the standard trace operators 
7j and an operator G(r) of the form 

{G{t)u){x) ^ [ [ e'""'^' g{x',Xn,yn,C,T){T^,^^,u){C,yn)dyndC■ 
JR"-^ Jo 

The symbol-kernel g is of the form 

g{x', Xn, yn, t) = [£,', t] g{x' , S,', T, [^', T]Xn, , t]?/„) 

with 

T, x„, yn) G X «lr^:K) S{W+ x 

In particular, g satisfies, for all indices, the estimates 

The principal boundary symbol of G, 

a^(G)(x',^',r) ^5(1+), 
defined for (^',t) ^ 0, is given by 

^d^^{Kj){x',^',T)-/jU + \{^',t)\ / CF'i,i9)ix' ,r,\{^' ,t)\ ■ ,\{^' ,T)\yn)u{yn) dyn. 
j=0 Jo 

The principal boundary symbols of the remaining elements are 

{P+ ) {x' ,e,r) = r+ (P) {x' , , , r) e+ : 5(S+ ) ^ 5(1+) , 

and crg(Q)(x', r) = a'^{Q){x' ,t) is the usual homogeneous principal symbol. 

The definitions made above are all invariant under smooth change of coordinates which preserve 
the boundary, so operators can be defined on the manifold X via a partition of unity. 

Definition 8.4. Bi-'-'''-{X Eg, Fq; Ei, Fi), ^ G Z and d e No, consists of all operator-families 
A = A{t) of the form (|8.2() with each entry being of order /i and type d. 
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8.4. Algebra and mapping properties, ellipticity. The next result is due to [7], 

Theorem 8.5. Let A e B^^-'^(X]M}]Eq,Fq\Ei,Fi). Then, for each t, A{t) extends to continuous 
operators 

(8.3) A{t): ^© — > © , s>d-l + -. 

The notion algebra refers to the following behaviour under composition: 

Theorem 8.6. Let {Eq,Fo), {Ei,Fi) and (£'2,^2) be pairs of vector bundles (on X and dX, 
respectively) such that composition of operators 

C°°{X,Ei) C°°{X,E2) C°°{X,Eq) C°°{X,Ei) 

Ao: ® — > ® , Ai : ® — > © 

C^{dX,Fi) C^{dX,F2) C°°{dX,Fo) C^{dX,Fi) 

makes sense. The pointwise composition {Ao{t), Ai{t)) t— > Aq{t) Ai{t) then induces a map 

Bt^«'d'>{X-y-E^,Fi-E2,F2) X B^'^^'{X-y-Eo,Fo-Ei,Fi)^B^'\X-y;Eo,Fo-E2,F2), 

with fi ~ fia + fii and d ~ maxj/ii + do, di}. 

Assuming all bundles to be equipped with a hermitian metric (compatible with the product struc- 

ture near the boundary), we have scalar products in L2{X,Ej) and H2 [dX^Fj). If A is an 
operator as in H8.3(l of order and type 0, we can define its adjoint A* by 

where Uj G C°°(A, £^j) C°°{dX,Fj) are arbitrary. Note that we take the scalar product of 

Hp{dX,Fj) = Bp{dX,Fj), since by this the duality of Bp'^dX,Fj) and B^r^idX,Fj) 
is induced. As the following theorem states, the subalgebra of such operators is closed under tak- 
ing adjoints. 

Theorem 8.7. Let fi < 0. Taking pointwise the formal adjoint induces a map 

A^A* :S'^'0(A;M';£;o,Fo;Si,Fi) ~^B'^'°(X;R';Si,Fi;£;o,Fo). 

Finally, we give a brief account to ellipticity. It is determined by the invertibility of two principal 
symbols. li A G B^''^{X\ R'; £'0, Fq; Ei, Fi), its homogeneous principal symbol is 

a^{A) ^ a>;{P) : n*xEo ^ n*^Eu 

where tt^ denotes the bundle pull-back under the canonical projection ttx '■ (T*X x R') \ ^ X. 
The principal boundary symbol 

/Eo\ax®S{R+)\ /£i|ax ®5(R+)^ 

\ Fo / \ Pi 

TTQx ■ {T*dX X R') \ ^ dX denoting the canonical projection, is defined by 

with the single components as introduced in Section! 



Definition 8.8. A € B'^''^{X; R'; £0, Fq; Ei,Fi) is parameter- dependent elliptic if both ct^{A) and 
(7g(,4) are invertible. 

As for the usual pseudodifferential calculus, ellipticity implies (in fact, is equivalent to) the existence 
of a parametrix within the calculus. 
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Theorem 8.9. Let A G B^^''^{X;M} ; Eq, Fq, Ei, Fi) with d = max(/x,0) he elliptic. Then there is 
an operator B e B-'^''^' {X;R'-; El, Fi; Eq, Fq), = max(-/i, 0), such that 

AB-I e B-°°-'^'{X;R^-Ei,Fi;Ei,Fi), BA-I e B-'^-'^{X;R^; Eq, Fa; Ea, Fq). 

In particular, A{t) acting as in H8.3|l is a Fredholm operator of index for each r and is invertible 
for \t\ sufficiently large. 
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